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Numerical portrait of a relativistic BCS gapped superfluid
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We present results of numerical simulations of the~311!-dimensional Nambu–Jona-Lasinio model with a
nonzero baryon density enforced via the introduction of a chemical potentialmÞ0. The triviality of the model
with a number of dimensionsd>4 is dealt with by fitting low energy constants, calculated analytically in the
large number of colors~Hartree! limit, to phenomenological values. Nonperturbative measurements of local
order parameters for superfluidity and their related susceptibilities show that, in contrast with the~211!-
dimensional model, the ground state at high chemical potential and low temperature is that of a traditional BCS
superfluid. This conclusion is supported by the direct observation of a gap in the dispersion relation for 0.5
<ma<0.85, which atma50.8 is found to be roughly 15% the size of the vacuum fermion mass. We also
present results of an initial investigation of the stability of the BCS phase against thermal fluctuations. Finally,
we discuss the effect of splitting the Fermi surfaces of the pairing partners by the introduction of a nonzero
isospin chemical potential.
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I. INTRODUCTION

The ground state of QCD withNf>3 flavors of light
quark at low temperatureT and asymptotically high densit
is thought to be a ‘‘color-flavor locked’’~CFL! state in which
SU(3)c^ SU(Nf)L ^ SU(Nf)R^ U(1)B symmetry is sponta-
neously broken by diquark condensation in the color antit
let channel to a diagonal SU(3)D , and which is thus simul-
taneously color superconducting, superfluid, and chira
broken@1,2#. Since diquark condensation is thought to occ
at the Fermi surface via a BCS mechanism, it is accura
described by a self-consistent gap equation in the asymp
regimem→`, with m the quark chemical potential or Ferm
energy, where the QCD couplingg(m) is weak @3#. How-
ever, the densities for which analytic predictions of wea
coupled QCD can be trusted are much greater than the
ditions, with m;O(1 GeV), which are likely to be physi
cally realizable in our universe at the centers of comp
stars@4#.

In this regime we face the twin problems that QCD b
comes strongly interacting, and that the most systematic
of computing its properties nonperturbatively, namely n
merical simulation of lattice gauge theory, cannot help
cause of the ‘‘sign problem’’; the lack of positivity of th
QCD Euclidean path integral measure withm5” 0 makes
Monte Carlo sampling methods inoperable. Another com
cating factor is that once the density becomes low enoug
make the strange quark massms no longer negligible com-
pared tom, then other channels involving pairing betwe
just u and d may be preferred, leading to a plethora of d
ferent possible ground states, including even crystalline
amples@5–7#. Analytic approaches to these questions m
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either use some approximate nonperturbative approach
as the instanton liquid@8#, or resort to phenomenologica
models of the strong interaction such as the Nambu–Jo
Lasinio ~NJL! model @9,10#.

Generic NJL models contain fermions, to be thought
either as quarks or baryons, self-interacting via contact fo
Fermi terms@11#. In a Euclidean metric, the prototype
written in terms of isopinor fermion fieldsc,c̄, as

LNJL5c̄~]” 1m!c2
g2

2
@~ c̄c!22~ c̄tWg5c!2#, ~1!

which has SU(2)L ^ SU(2)R chiral symmetry. In 311 di-
mensions the interaction strengthg2 has mass dimension -2
implying that the model is nonrenormalizable and must
defined in terms of some explicit ultraviolet scaleL ~see e.g.
@12#!. Since the model has no gluons, it fails to reproduce
physics of confinement; however, for sufficiently largeg2 the
model does exhibit spontaneous chiral symmetry breakin
SU(2)I , resulting in a physical or ‘‘constituent’’ fermion
mass scaleS;g2L3@m. The phase structure of the mod
is most conveniently studied in the Hartree approximati
corresponding to retaining only those diagrams which, if
number of fermion degrees of freedom were multiplied by
factorN and the coupling rescaled asg2/N, would remain at
leading order in 1/N. At low T it is found that for values of
chemical potentialmc;S there is a transition, whose orde
depends on the details of the cutoff, in which chiral symm
try is restored and baryon densitynB5^c̄g0c& increases
sharply from zero@13–15#. For m.mc the NJL model thus
describes a state resembling relativistic ‘‘quark matte
Since there is no short-range repulsion present, the stab
of a phase in which bothnB andS are simultaneously non
zero, corresponding to ‘‘nuclear matter,’’ is nota priori clear.
©2004 The American Physical Society11-1



fir
ste

f

f a
d

o

it
in
o
ti

ol
u
th

ia
N
e
e

ha
c
d

rn
n
tic
nd
ld

ox
s
an

sa
n

ial
h

s
-

u-
o
dy
be

lo
e
f

h-

se
d
ions

a
th
in
lf-

e-

-

rst
mi-

os-

l
nt

ies

S. HANDS AND D. N. WALTERS PHYSICAL REVIEW D69, 076011 ~2004!
The color superconducting solutions discussed in the
paragraphs have been obtained by solving the self-consi
‘‘gap equation’’ for the smallest energy 2D required to excite
a quasiparticle pair out of the ground state consisting o
filled Fermi sea. Solutions withD.0, implying the instabil-
ity of a sharp Fermi surface with respect to formation o
condensate of Cooper pairs, form the basis of the BCS
scription of superconductivity@16#. Such solutions are als
characterized by a Cooper pair ordiquark condensatêqq&
50 whose precise definition will be given below; here
suffices to identify it with the density of condensed pairs
the ground state. Since the NJL model is not a gauge the
the corresponding BCS ground state is not superconduc
~analogous to a Higgs vacuum in particle physics!, but rather
a superfluid, in which the global U(1)B baryon number sym-
metry of Eq.~1! is spontaneously broken by^qq&5” 0, which
is thus a true order parameter.

Since to leading order in 1/N ^qq&5D50, it is legitimate
to query the approximate methods used to find such s
tions. Fortunately in this case it is possible to employ n
merical lattice methods, because as reviewed below
lattice-regularized NJL model has no sign problem. Init
studies have focused on the high density phase of the
model in 211d, in part for the obvious technical advantag
of working in reduced dimensionality, and in part for th
conceptual advantage that NJL211 has an ultraviolet stable
fixed point and hence an interacting continuum limit, so t
in principle we need not worry about the cutoff dependen
of the results. Although the simulations reveal enhanced
quark pairing in the scalar isoscalar channel@17#, there is no
evidence for the expected BCS signal^qq&5” 0, D5” 0. In-
stead, the condensate vanishes nonanalytically with exte
diquark source strengthj, and the fermion dispersion relatio
reveals a sharp Fermi surface and massless quasipar
@18,19#. The fitted values for the Fermi momentum a
Fermi velocity, however, do not match those of free fie
theory, and indeed are difficult to account for in orthod
Fermi liquid theory@20#. The interpretation is that due to it
low dimensionality the system realizes superfluidity in
unconventional Berezinskii-Kosterlitz-Thouless~BKT! mode
first invoked to describe thin helium films@21#; the massless
modes due to phase fluctuations of the would-be conden
field remain strongly fluctuating, resulting in unbroke
U(1)B symmetry but critical behavior for allm.mc . Meta-
stability of persistent flow is only revealed by the nontriv
response of the system to a symmetry breaking field wit
twist imposed across the spatial boundary.

For this reason in the current paper we present result
simulating NJL311, with the goal of exposing superfluid be
havior with the more conventional signal^qq&5” 0, D.0.
Our first results suggesting that^qq&5” 0 for m.mc have
appeared in@22#. The details of the lattice model, the sim
lation technique, and the observables monitored to exp
this behavior are reviewed below in Sec. II. As alrea
stated, in 311d the model is nonrenormalizable and must
defined with a cutoff. The bare parametersg2 andm must be
chosen so that the model’s properties match those of
energy QCD as closely as possible; in Sec. II C we us
large-N expansion~hereN is identified with the number o
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‘‘colors’’ Nc) to calculate the vacuum fermion massS0 and
the constantsf p andmp , and find that a reasonable matc
ing can be made with an inverse lattice spacinga21

.700 MeV. In Sec. III we present results for the pha
structure of the model for lowT, the diquark condensate an
associated susceptibilities, and in Sec. IV dispersion relat
in the spin-12 sector. For the first time there is evidence for
nonvanishing BCS gap from a lattice simulation, wi
D/S0.0.15, which translates to a gap of around 60 MeV
physical units. This is consistent with estimates from se
consistent approaches@10,23#. In Sec. V we discuss finite
volume effects and finally in Secs. VI and VII present pr
liminary results for simulations both withT.0 and with
small but nonzero isospin chemical potentialm I5” 0, which
has the effect of separating theu andd quark Fermi surfaces
and hence discouragingud condensation. Section VIII con
tains a brief summary.

II. LATTICE MODEL AND PARAMETER CHOICE

A. Formulation and symmetries

The lattice version of the NJL model we employ was fi
used in a study of chiral symmetry restoration at zero che
cal potential in@12#. The action, with lattice spacinga set to
unity, reads

S05Sf erm1Sbos5(
xy

x̄xM @F#xyxy

1 z̄xM* @F#xyzy1
2

g2 (
x̃

tr F x̃
†
F x̃ , ~2!

wherex, x̄, z and z̄ are Grassmann-valued staggered is
pinor fermion fields defined on the sitesx of a hypercubic
lattice, andF[s1 ipW •tW is a 232 matrix of bosonic auxil-
iary fields defined on the dual sitesx̃. The kinetic operatorM
is given by

Mxy
pq5

1

2
dpqFemdyx10̂2e2mdyx20̂

1 (
n51,2,3

hn~x!~dyx1 n̂2dyx2 n̂ !12mdxyG
1

1

16
dxy(

^ x̃,x&
@s~ x̃!dpq1 i«~x!pW ~ x̃!•tW pq# ~3!

such that the parameters are bare fermion massm, coupling
g2 ~with mass dimension22) and baryon chemical potentia
m. The symbol̂ x̃,x& denotes the set of 16 dual sites adjace
to x. The Pauli matrices acting on isospin indicesp,q are
normalized so that trt it j52d i j . The phase factorshn(x)
5(21)x01•••1xn21 and«(x)5(21)x01x11x21x3 ensure that
fermions with the correct Lorentz covariance propert
emerge in the continuum limit, and that in the limitm→0
the action~2! has a global SU(2)L ^ SU(2)R invariance un-
der
1-2
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x°~PeU1PoV!x; x̄°x̄~P eV
†1PoU†! ~4!

z°~PeU* 1PoV* !z; z̄° z̄~P eV
†* 1P oU†* !

F°VFU† with U,VPSU~2!.

The even/odd projectors are given byPe/o(x)5 1
2 @1

6«(x)#. In addition the action has a U(1)B invariance under
baryon number rotations:

x,z°eiax,z x̄,z̄°x̄,z̄e2 ia. ~5!

The auxiliary fieldss andpW can be integrated out to yiel
an action written solely in terms of fermion fieldsx andz. In
the continuum limita]→0 lattice fermion doubling leads to
a physical content for the model of eight fermion spec
~four described byx, four byz) with self-interactions resem
bling those of the continuum NJL model~but with terms
of the form x̄xzz differing in detail from those of the form
x̄xxx), resulting in an additional approximat
U(4)^ U(4) symmetry which is violated by terms ofO(a).
Further details are given in@12#. In what follows we will
somewhat arbitrarily refer to these degrees of freedom
colors and hence defineNc58; this is in distinction to the
explicit flavor or isospin symmetry~4! which gives rise to
Nf52.

In order to examine issues associated with diquark p
ing, it is necessary to introduce a source term into the act
A suitable term, invariant under Eq.~4! but violating baryon
number conservation~5!, is

Ssource5(
x

j

2
~xx

trt2xx1zx
trt2zx!

1
̄

2
~ x̄xt2x̄x

tr1 z̄xt2z̄x
tr !, ~6!

where in this paper we will considerj ,̄ real and positive.
With this addition the partition function follows from inte
grating over the Grassmann degrees of freedom,
07601
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Z@ j ,̄#5E DxDx̄DzD z̄DF

3exp2~Sf erm1Sbos1Ssource!

5E DF PfNc/4~A@F, j ,̄# !e2Sbos[F] ~7!

with the antisymmetric matrixA( j ,̄), which acts on bis-
pinors (x̄,x tr) @andA* (2 j ,2 ̄) on (z̄,z tr)], given by

A5S ̄t2 M

2Mtr j t2
D . ~8!

The reality of PfA5AdetA follows by noting the identity
t2Mt25M* @19#. In fact, PfA can also be shown to b
positive definite@19,24#, implying thatZ can also be defined
for a single power of the pfaffian~i.e. with the fieldsz,z̄
omitted!, corresponding toNc54. However, the smalles
value of Nc permitted by the exact hybrid Monte Carlo a
gorithm ~see Sec. II D! is 8.

B. Observables

Here we list the various observables monitored in
simulations. For simplicity we restrict our attention to tho
constructed from thex,x̄ fields; their equivalents in thez
sector are easily found. Angled brackets denote avera
taken with respect to the measure defined by Eq.~7!.

The chiral condensatêx̄x& is given by

^x̄x&5
1

V

] ln Z

]m
5

1

2V K trS 1

21 DA 21L . ~9!

To leading order in a large-Nc expansion the chiral conden
sate is proportional to the expectation value of the sca
field S[^s&5(g2/2)^x̄x&, which in the chiral limit also
defines the physical orconstituentfermion mass. The baryon
charge densitynB per flavor is given by
nB5
1

2V

] ln Z

]m
5

1

8V K trS emdyx10̂1e2mdyx20̂

2emdyx20̂2e2mdyx10̂
DA 21L . ~10!
en

os-
In the diquark sector it is convenient to define operators

qq6~x!5
1

4
@xx

trt2xx6x̄xt2x̄x
tr # ~11!

and corresponding source strengthsj 65 j 6 ̄ . The conden-
sates are then

^qq6&5
1

V

] ln Z

] j 6
5

1

4V K trS 6t2

t2
DA 21L . ~12!
In the continuum limit, the corresponding operators writt
in terms of spinorsc,c̄ with 4 spin, 2 flavor and 4 color
components are@24#

qq6}c trCg5^ t2^ ~Cg5!* c

6c̄Cg5^ t2^ ~Cg5!* c̄ tr , ~13!

with C the charge conjugation matrix satisfyingCgmC21

52gm* . The condensate wave function is thus scalar is
1-3
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calar, but with a nontrivial~and for us uninteresting! varia-
tion under ‘‘color’’ rotations, and manifestly antisymmetr
as required by the exclusion principle. We will also consid
the diquark susceptibilities

x6[
]^qq6&

] j 6
5(

x
^qq6~0!qq6~x!& ~14!

which are constrained by identities analogous to the a
Ward identity for the pion propagator; a particularly use
form in the j 2→0 limit reads

x2u j 2505
^qq1&

j 1
. ~15!

When U(1)B is spontaneously broken by the formation of
condensatêqq1&5” 0, therefore,qq2 interpolates the result
ing Goldstone mode, whose masslessness asj 1→0 is guar-
anteed by Eq.~15!. Physically the Goldstone mode is respo
sible for long-range interactions between vortices in
superfluid phase, and at nonzeroT for propagating wave ex
citations of local energy density known as second sound

In order to study the spectrum in the spin-1
2 sector we

need theGor’kov propagatorG5A 21. It can be written as

Gxy5S Axy Nxy

N̄xy Āxy
D ~16!

where each entry is a 232 matrix in isospace. The notatio
indicates both normal ^q(x)q̄(y)& and anomalous

^q(x)q(y)& components: on a finite systemA and Ā vanish
in the limit j ,̄→0, and we recover the usual fermion an
antifermion propagators asN and N̄ respectively. The num-
ber of independent components is constrained by the ide
ties N22[N11* , N21[2N12* , A22[2A11* and A21[A12* , so
thatG can be reconstructed using just two conjugate grad
inversions ofA. In addition, isospin and time-reversal sym
metries dictate that after averaging over configurations
only independent nonvanishing components are ReN̄11 and
Im A12, which henceforth we will refer to simply asN andA
respectively.

C. Phenomenological parameter choice

As previously discussed, in a number of dimensionsd
>4, the continuum NJL model is nonrenormalizable, wh
implies that the lattice model becomes trivial in the co
tinuum limit @12,15#. This means one must choose a fix
lattice spacinga, corresponding to a fixed inverse couplin
constantb5a2/g2, by fitting the model’s parameters to low
energy, vacuum phenomenology. Employing methods o
lined in @15#, we calculate the ratio between the pion dec
rate f p and the constituent quark mass, i.e. the dynam
mass of the quark in the chirally broken phase. By fitting
phenomenological values we may extractb as a function of
the model’s only other free parameter, the current quark m
m. Finally, calculating and fitting the pion massmp allows us
to fix m, and henceb. We take advantage of the fact that
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perturbative expansion in 1/Nc is possible in four-Fermi
theories by calculating quantities analytically to leading
der in 1/Nc , the Hartree approximation. Feynman diagra
are evaluated using staggered quark propagators define
anLs

33Lt/2
4 Euclidean blocked lattice with periodic bound

ary conditions in spatial dimensions and antiperiodic bou
ary conditions in the temporal dimension. The integrals o
loop momenta are evaluated as sums over momen
modes.

Let us first calculate the gap equation, the fermion se
interaction, to leading order in 1/Nc . For sufficiently strong
couplingg2.gc

2 the scalar auxiliary fields develops a spon-
taneous vacuum expectation valueS, which in the chiral
limit can be identified with the constituent fermion mass a
is given by

~17!

where p̃25(n50
3 sin2pn is the dimensionless squared loo

momentum,Nc andNf are the number of flavors and colo
respectively, andb5a2/g2 is the dimensionless inverse cou
pling constant. In this section we shall distinguish the exp
tation value of the scalar fieldS from the constituent mass
which to leading order in (1/Nc) we define asS* [S1m;
elsewhere in this paper the two shall be used interchange
and both denoted byS.

f p is calculated from the vacuum to one-pion axial-vec
matrix element

~18!

Translating this diagram, noting that the pion-quark-qua
couplinggpqq;g/ANc , and taking thek→0 limit we find

f p

S*
5

A2NcNfE
2p/2

p/2 d4p

~2p!4

cos 2pn

@ p̃21~S* a!2#2

S E
2p/2

p/2 d4p

~2p!4

1

@ p̃21~S* a!2#2D 1/2 . ~19!

In order to check that this form is sensible we choose
examine the continuum limit by extracting the leading ord
behavior of Eq.~19! as the dimensionless quark massS* a is
reduced to zero. This is done by the introduction of a dim
sionless hyperspherical cutoffd which splits the loop mo-
menta into two regions, one withupu.d and one withupu
<d. As d→0, the inner region picks up the continuum b
1-4
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havior, while the outer region yields the finite terms releva
to lattice perturbation theory@25#. Ignoring these terms an
taking S* a→0 we pick up a leading contributionf p /S*
;ANcNf ln(d/S*a)/4p2. Although this quantity is logarith-
mically divergent, we know that the integral betweenp/2
and 2p/2 is both finite and independent ofd, and that the
transition between the two regions of integration is smoo
This means that the lnd term must be cancelled out by
similar term in the outer region and the continuum behav
of f p /S* is thus given by

f p

S*
;ANcNf

~2p!2
ln

1

S* a
. ~20!

This is the same behavior found asS* /L→0 for the regu-
larization schemes employed in@15#, namely 3d-momentum,
4d-momentum, and real-time cutoffs as well as the Pa
Villars scheme.

By calculating Eq.~19! in the infinite volume limit, fitting
f p to its experimental value of 93 MeV andS* to a reason-
able 400 MeV we are able to extract the dimensionless qu
massS* a50.557, such that to leading order in 1/Nc the
lattice spacinga5(720 MeV)21;0.3 fm. Solving the gap
equation ~17! with this value for the mass we find tha
bSa50.273. Using the identityS* [m1S we deduce a
relationship between the bare quark mass and the inv
coupling,

b5
0.273

~0.5572ma!
. ~21!

Finally, in order to fix the bare quark mass and hence
coupling, we need to fit one more phenomenological obse
able. Again following@15#, we calculate the mass of the pio
mp by solving the self-consistent equation

4
m

S*
52NcNf

~mpa!2

b
I , ~22!

whereI represents the integral

I 5E
2p/2

p/2 d4p

~2p!4

1

@ p̃1
2 1~S* a!2#@ p̃2

2 1~S* a!2#
, ~23!

and p̃6
2 5(n50

3 sin2(p6impa)n . Settingmp to a phenomeno-
logically reasonable 138 MeV and demanding that Eq.~21!
is satisfied fixes the bare mass toma50.006 and the inverse
coupling tob50.495. Table I contains a summary of the fi
made and parameters extracted.

TABLE I. Summary of large-Nc parameter fits.

Phenomenological Lattice Parameters
Observables Fitted Extracted

S* 5400 MeV ma50.006
f p593 MeV b50.495
mp5138 MeV a215720 MeV
07601
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D. Simulation

We chose to perform the numerical simulation of the p
integral defined by Eq.~7! in the partially quenchedlimit j

5 ̄50, for two reasons. The first is technical; in this lim
Pf2(A)5detMM†, so that there is no obstruction to usin
the hybrid Monte Carlo~HMC! algorithm @26#, which is
‘‘exact’’ in the sense that there is no systematic error due
nonzero time step, a reassuring feature whenever a pr
ously unexplored phase is to be studied. The second is p
matic; it enables many values ofj to be studied with a single
run at fixedg2 andm, thus saving much computer time. Ou
previous studies in 211d @18,19# used both partially
quenched and full pfaffian simulations, and found essenti
no difference in the results.

The simulations were run on a variety of lattice sizes a
values ofm. In a typical simulation, we generated 500 equi
brated configurations separated by HMC trajectories of m
length 1.0. The time step required to achieve an accepta
rate ;80% was found to decrease with increasing latt
size. For larger lattices, where the optimal time step w
smaller than 1/25, we also tuned the number of colorsNc8
*Nc58 used during the generation of molecular dynam
trajectories; in tuning the number of colors, which is ‘‘reno
malized’’ by the discretization of the trajectory, one can i
crease the acceptance without increasing the number of
gration steps used. In the exact accept/reject step, and h
the integral over all configurations,Nc[8. Measurements
were carried out on every second configuration, in all ca
with j 5 ̄⇒ j 250. In the rest of the paper we will quote a
results in terms ofj 1 , henceforth referred to asj.

The reader may be wondering why HMC simulations
the NJL model withm5” 0 are possible, whereas they a
well-known to be ineffective for QCD. In both cases th
algorithm reproduces as path integral measure the pos
definite detMM†. For QCD M describes a color triplet o
quarksq, M† a color antitriplet of conjugate quarksqc, thus
permitting gauge singlet baryonicqqc bound states. The
lightest such state can be shown to be degenerate with
Goldstone pion associated with chiral symmetry breaki
which means that baryonic matter is induced into the grou
state at an onsetmoHMC;O(mp/2), in contradiction to the
physical expectationmoQCD;O(mnucleon/3) @27,28#. In
NJL-like models, by contrast, in the large-Nc limit the Gold-
stone pole is saturated by disconnectedqq̄ bubbles, which
cannot contribute in theqqc channels@29#; hence the HMC
onset occurs at the constituent scalemo;S as expected, re-
sulting in a ground state of degenerate fermion degree
freedom and hence a Fermi surface. For the continu
model studied hereq andqc have identical quantum number
and are hence indistinguishable; however the HMC appro
also yields physically reasonable behavior even in mod
where the chiral symmetry group is U~1! rather than
SU(2)^ SU(2) and this is not the case@29#.

The observables defined as matrix traces in Eqs.~9!,~10!,
~12! may be estimated on a particularF configuration by
calculating the bilinearh†GA 21h using a conjugate gradi
ent algorithm with a stochastic source vectorh satisfying
1-5
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h†h}dxyd
pq; during each measurement we used a set o

such vectors. The Gor’kov propagatorG is similarly calcu-
lated but using this time a point source. Special care
needed for susceptibilities, which contain contributions fro
both connected and disconnected fermion line diagrams,
hence must be calculated using both methods via express
such as

x5^h i†GA 21h ih j †GA 21h j&2^h i†GA 21h i&2

1(
x

^tr G0xGG 0x
tr G&. ~24!

We label these two contributions the disconnected and c
nected parts ofx respectively.

III. ZERO TEMPERATURE PHASE STRUCTURE

A. Chiral symmetry restoration

In this section we investigate the nature of the chiral r
toration transition with our phenomenologically motivat
parameter set, since the order of this transition is found to
sensitive to the choice of parameters employed@15#. We
measure the chiral condensate^x̄x& and baryon number den
sity nB on V5Ls

33Lt lattices withLs5Lt512, 16 and 20,
and for various chemical potentialsma between 0.0 and 1.2
Henceforth all dimensionful quantities will be quoted in la
tice unitsa51. The quantum average and statistical errors
the measured quantities are calculated using a jackknife
timate and the results extrapolated linearly to the infin
volume limit V21→0.

Our results are presented in Fig. 1. In order to comp
the lattice data~points! with perturbative results, botĥx̄x&
andnB are calculated to leading order in 1/Nc ~solid curves!,
corresponding to a mean-field theory in which the scalar fi
s5S on every dual lattice site and the auxiliary pseudos
lars p i are exactly zero; in this limit the condensate is giv
by ^x̄x&5(2/g2)S[(2/g2)^s&.

FIG. 1. Chiral condensate and number density extrapolate
V21→0 as functions ofm, showing both the large-Nc solution
~solid curve! and lattice results~points!. The dashed curve is pro
portional to the volume of the Brillouin zone bounded by the larg
Nc Fermi surface.
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At m50, the large-Nc solution predicts a nonzero con
densate and zero baryon density, corresponding to a vac
with broken chiral symmetry. Asm is increased, the system
passes into a phase in which chiral symmetry is appro
mately restored and matter begins to build up, with a p
nounced ‘‘kink’’ at mc.0.75. In particular,nB is seen to be
closely related to the volume of momentum space enclo
by the Fermi surface defined by the Fermi momentumkWF
given for free fermions by

sinh2m5(
i 51

3

sin2kFi1S2 ~25!

and plotted in the large-Nc limit as the dashed line. This
implies that in the continuumnB}kF

3 as one would expect
while on a latticenB saturates at the value 1.0 asm→`.

The lattice data agree qualitatively with our analytic so
tion, although for these data both^x̄x& andmo are roughly
15% smaller, an effect we attribute toO(1/Nc) corrections.
The transition atm;mc has the appearance of a crossov
and may thus be compatible with a second order transitio
the chiral limit m→0. If this is the case the region withnB
.0 for m,mc could be associated with a ‘‘nuclear matte
phase, since if, asT→0, S falls below its vacuum valueS0
for m,mc , the only possible physical agency isnB.0 ~a
mixed phase of quark matter droplets in vacuum at cons
pressure is not consistent with thermodynamic equilibri
unless there are at least two conserved quantum num
present@30#!. This behavior is in marked contrast with th
of the 211d model in which the transition is strongly first
order and baryonic matter has chiral symmetry restored
any density@17,19,31#. Finally, it is illustrative to convert
these densities into physical units. The large-Nc estimate
a215720 MeV translates the lattice point (ma,nBa3)
.(0.65,0.072) intom5470 MeV, nB53.5 fm23. Bearing
in mind that due to species doubling, in a cube of volum
(2a)3 x describes two spin and four color components o
continuum fermion, we deduce a total physical density
0.88NcNf fm23, to be compared with the nuclear matter o
setmq.320 MeV, nq.0.15Nc fm23.

B. Diquark condensation

The main purpose of this study is to determine the nat
of the high density phase in which chiral symmetry is a
proximately restored. In particular, in order to explore t
possibility of a U(1)B-violating BCS phase, we study th
diquark order parameters~12! and their susceptibilities~14!
as functions of chemical potential. On their own, the susc
tibilities are of limited importance. In conjunction with th
Ward identity~15! however, their ratio

R52
x1

x2
~26!

provides an important tool to distinguish between phase
which U(1)B symmetry is either manifest or broken. Wit
manifest symmetry, and in the limitj→0, these two suscep
tibilities should be identical up to a sign factor, and the ra

to

-
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should equal 1. If the symmetry is broken, however,
Ward identity predicts that the Goldstone modex2 should
diverge asj→0 and henceR should vanish.

As stated in Sec. II D, the disconnected terms of Eq.~14!
are calculated via the use of multiple noise vector estimat
while the symmetry constraints discussed after Eq.~16! im-
ply that the connected terms are given by

x6
con5

1

4
~2@ uG11u21uG 21u21uG 33u21uG 43u2#

6@ uG 13u21uG 23u21uG 31u21uG 41u2# !, ~27!

evaluated between a random point source and the pointx.
The susceptibilities are measured andR calculated on the

aforementioned lattice sizes and for various values ofm,
with the diquark sourcej varying from 0.1 to 1.0 during eac
set of measurements. It is interesting to note that althoug
most cases the disconnected contributions are found to
consistent with zero, in the lowm phase with largej, x1

dis can
be up to 10–20 % the magnitude ofx1

con . In contrast with
the NJL model in 211d @19#, therefore, we cannot assum
that x1.x1

con .
An interesting empirical observation is that while the o

servables measured in Sec. III A were found to scale line
with the inverse volume of the lattice, observables in
diquark sector appear to scale linearly with the inverse te
poral extent, corresponding to the temperature of the sys
Accordingly, the ratioR is extrapolated linearly to the limi
Lt

21→0, which as in@19# is found to give a reasonabl
description of the data. An example of the quality of the fi
is illustrated in Fig. 2.

Figure 3 shows this extrapolated data plotted as a func
of j for various values ofm, as well as the results of a linea
extrapolation toj→0. One immediately notices that whil
this extrapolation appears plausible forj >0.3, the data at
lower values ofj in the highm phase diverge rapidly from
the linear trend. The fact that this effect increases system
cally with increasingm and decreasingj suggests that its
origin is some systematic effect not considered thus far;
deed, the study presented in Sec. VI shows this to be du
residual finite temperature effects. For this reason, we
lieve that we are justified in disregarding data withj <0.2

FIG. 2. Susceptibility ratioR at m50.0 and 1.0 on various lat
tice sizes.
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when taking thej→0 limit. With this omission Fig. 3 shows
that for m50 a linear fit is consistent with a ratio ofR'1,
corresponding to a manifest baryon number symmetry as
would expect in the vacuum. Atm51.0, however,R'0 sug-
gesting that U(1)B symmetry is broken.

For more direct evidence of diquark condensation
measure the order parameter defined in Eq.~12!. Again,
these data are extrapolated linearly to the limitLt

21→0 with
the quality of the fits being good. Figure 4 shows the e
trapolated values of̂qq1& plotted againstj for various val-
ues ofm. Fitting a quadratic curve through the data withj
>0.3, one can clearly see that the highm, low j data again
disagree with the curve; again ignoring these points, the d
are extrapolated toj→0. Form50 we find no diquark con-
densation as one would expect, but asm increases from zero
so doeŝ qq1&. Together, the observations that limj→0R50
and limj→0^qq1&5” 0 support the existence of a BCS supe
fluid phase at high chemical potential.

Finally, ^qq1& is plotted as a function ofm in Fig. 5,
along with the previously presented result for^x̄x&. Al-
though there is clearly a transition from a phase with
diquark condensation to one in which the diquark condens
has a magnitude similar to that of the vacuum chiral cond
sate, this transition is far less pronounced than in the ch
case.^qq1& increases approximately asm2, but eventually
saturates asm approaches 1.0 and even decreases pasm
;1.1. This behavior is directly related to the geometry of t
Fermi surface for a system defined on a cubic lattice, the a

FIG. 3. R extrapolated toj→0 for various values ofm.

FIG. 4. ^qq1& extrapolated toj→0 for various values ofm.
1-7
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of which we have calculated in the large-Nc free fermion
limit from Eq. ~25! and have plotted as the solid curve. T
method of this calculation is sketched in Appendix A. In t
continuum,^qq1& should continue to rise asm2, such that
the curvature]2^qq1&/]m2 is positive, in contrast to the
behavior observed in simulations of two color QCD,
which there is no Fermi surface and U(1)B breaking pro-
ceeds via Bose-Einstein condensation@32–34# leading to
]2^qq1&/]m2,0.

The apparent weakness of the transition at intermediatm
is related to the fact that at these chemical potentials,
value of Ru j→0 interpolates between the two extremes o
and 1. This is counterintuitive, since it suggests a partia
broken symmetry, even atj 50. It may be that this is a
side-effect of the chiral transition being a crossover, sin
there is no sharp point at which a large Fermi surface
created. It is also possible, of course, that this behavior
intermediatem is merely an artifact of our poor control ove
the j→0 extrapolation.

IV. THE QUASIPARTICLE DISPERSION RELATION

A. Spectroscopy in the fermionic sector

In this section we study the dynamics of the model’s f
mionic excitations, which as in the original BCS theory@16#
can be viewed as quasiparticles with energyE relative to the
system’s Fermi energyEF . In a traditional Fermi liquid,
these can be identified withparticle excitations above the
Fermi surface, andholeexcitations below, both of which ca
have energies arbitrarily close toE50. In a superfluid sys-
tem, however, the particles and holes mix, and energie
the lowest-lying excitations are separated from zero b
BCS gapD, which in analogy to the chiral mass gap in th
vacuumS0, can be viewed as an effective order parame
for the system. One advantage of this parameter is that un
the diquark condensate,D can be directly related to a mac
roscopic thermodynamic property of the system, the criti
temperatureTc @35#. In principle, being a spectral quantity
is also measurable in a color superconducting phase in Q
where according to Elitzur’s theorem one cannot defin
local order parameter in a gauge invariant way@36#.

The propagation of the quasiparticles is described by
Gor’kov propagator, defined in Eq.~16!, such that by ana-

FIG. 5. A comparison between the diquark and chiral order
rameters as functions ofm.
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lyzing its momentum dependence we can map out a qu
particle dispersion relationE(k), i.e. the energy spectrum a
a function of momentum, and hence measureD. In particu-
lar, we have measured the time-slice form of both ‘‘norma
and ‘‘anomalous’’ propagators

N~kW ;t !5(
xW

Re@N̄11~0W ,0;xW ,t !#e2 ikW•xW; ~28!

A~kW ;t !5(
xW

Im@A12~0W ,0;xW ,t !#e2 ikW•xW, ~29!

on Lx3Ly,z
2 3Lt lattices withLx596, Ly,z512. This choice

of having one spatial direction much longer than the oth
gives the system a large number of modes with which
sampleE(k), while minimizing the extra computational ex
pense of running on a larger volume. In particular, by sett
kW5(k,0,0) with k52pn/Lx (n50,1,2, . . . ,Ls/4), the lattice
fermions have 25 independent modes between 0 andp/2 in
the kx direction. Since the study presented in Sec. V sho
that the diquark observables display little spatial depende
there should be no detrimental effects from working w
Lx@Ly,z .

Simulations were performed withLt516 and 20 at vari-
ous chemical potentials using the same values of the diqu
sources as in the previous section.Lt512 data were also
generated, but these prove to have too few time-slices o
which to reliably fit the propagator, and are therefore n
glected in our analysis. Again, approximately 500 equ
brated trajectories were generated per run, with measurem
taking place on every other configuration. Two addition
simulations were performed atm50.0 and 0.8 withLt

524, which after equilibration took approximately 51
2 and

16 CPU days respectively to generate 400 trajectories o
2.0 GHz Intel Xeon processor.

Some example propagators in both the chirally brok
and restored phases are plotted in Fig. 6. Atm50.0 the nor-
mal propagator is nonzero for allt, while at m50.8 it ap-
proximates zero on even time-slices, which reflects the
that with manifest chiral symmetry theNoo andNee compo-
nents of the standard staggered fermion propagator van
The anomalous propagator is zero on all odd time-slices
all values ofm.

To map out the dispersion relation for each value ofm,
the energy is extracted by fitting the propagators to

N~k,t !5Ae2Et1Be2E(Lt2t) if t5odd

N~k,t !50 if t5even ~30!

and

A~k,t !5C~e2Et2e2E(Lt2t)! if t5even

A~k,t !50 if t5odd, ~31!

where A, B and C are kept as free parameters, as is t
energyE. Although, as expected, the values ofE extracted
from the two propagators are found to be consistent,
choose to use those extracted from Eq.~31! to map out our

-

1-8
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dispersion relation, since having one less free parameter
Eq. ~30!, the fits to this form are found to be of a high
quality. Some example fits are illustrated in Fig. 7.

Figure 8 shows plots of the free parameters in Eqs.~30!
and ~31! at m50.8, extrapolated toT→0; in turn these are
extrapolated toj→0. Quadratic polynomial curves are fitte
to the coefficientsA(k), B(k) and C(k), while the energy
E(k) is fitted linearly. As with the extrapolations of^qq1&
andR, these appear to smoothly fit the data except for th
with low values of the diquark sourcej, for which the dis-
crepancy discussed in Sec. III B persists. Again, points w
j ,0.3 are ignored for the purpose of the extrapolations;
rely on the conclusions of Secs. V and VI to justify th
omission of these data from our analysis.

B. Vacuum dispersion relation

Before considering a lattice system with a Fermi surfa
we review the nature of the dispersion relation in the fami

FIG. 6. Normal and anomalous propagators measured o
963122316 lattice in both the chirally broken and restored phas
07601
an

e

h
e

,
r

case of the vacuum. Withm50, time reversal is a good
symmetry of the lattice and the coefficientsA andB become
identical such that Eq.~30! reduces to its usual form
uN(k,t)u5A(e2Et1e2E(Lt2t)). This can be understood
physically by noting that the vacuum spectrum appears id
tical to both particles and antiparticles, and hence to both
forward- and backward-moving parts ofN. In agreement
with this,A andB are found to be equal, within errors, for a
three values ofLt .

Figure 9 illustrates the energies extracted fromA(k,t),
extrapolated to zero temperature throughLt516, 20 and 24
and then toj→0, which results in the familiar lattice dispe
sion relationE(k,m50) @37#

sinh2E5a2(
i 51

3

sin2ki1S0
2 , ~32!

a
.

FIG. 7. Normal and anomalous propagators withj 50.3 andk
5p/4 with their fitted curves measured on a 963122316 lattice at
m50.8.
FIG. 8. Zero temperature
propagator parameters atm50.8
and various values ofk. The solid
curves show extrapolation toj
→0.
1-9
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wherea is a constant which allows for the renormalizatio
of the speed of light by thermal effects; in practice its fitt
value is close to 1 as expected. The energy gap atk50 can
be identified with the vacuum fermion mass, from which w
learn thatS050.351(6). As k is increased, the dispersio
relation is approximately quadratic for smallk/S0 ~as ex-
pected for a nonrelativistic particle!, until discretization ef-
fects dominate its form and the periodicity of Eq.~32! causes
it to level off ask→p/2.

C. Measurement of the gap

In this section we study the dispersion relation atm
50.8, with the aim of observing the BCS gapD. First, how-
ever, we study the momentum dependence of the other
parameters fitted from the forms~30! and ~31!. Figure 10
illustrates the values ofA, B and C extrapolated first toT
→0 and then toj→0, and plotted as functions of momen
tum k.

The coefficientsA(k) andB(k) represent the amplitude
of forward- and backward-moving spin-1

2 propagation,
which due to our choice to study the antiparticle propaga
N[N̄115G31;^q̄(x)q(y)&, correspond to hole and particl
excitations respectively in the limit thatj→0. For small mo-
menta, corresponding to excitations deep within the Fe
sea, propagation is dominated by hole degrees of freed
As the Fermi momentum is approached, particles are ea
to excite and become the dominant contribution ask→p/2.
To degrees of freedom withk5kF , as in the vacuum the

FIG. 9. The vacuum dispersion relationE(k) extrapolated to
T→0 and thenj→0.
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background appears the same to both particles and h
such thatA(kF)5B(kF). For this reason, in analogy with th
coefficients of filled and unfilled states in the original BC
theory @16#, the intercept of the curves ofA(k) and B(k)
defines the Fermi momentum for the interacting theory in
T→0 limit. In the anomalous sector, the coefficientC(k) is
approximately zero deep within the Fermi sea, but becom
nonzero~even in the limit j→0) in a broad peak about th
Fermi momentum, which is a sign of particle-hole mixing
this region. This is in contrast with similar measurements
NJL211 @19#.

The left-hand panel of Fig. 11 illustrates the lattice disp
sion relationE(k) at m50.8 extracted from Eq.~31! and
extrapolated first toT→0 and thenj→0 ~points!, compared
with that of free massless fermions on the lattice, para
etrized by

E~k!52m1sinh21~sink!. ~33!

For this free dispersion relation, there are two distin
branches, one for hole excitations below the Fermi surf
for which E reduces withk, and one for particle excitation
for which E increases withk. We should note at this poin
that the crossover between these regimes,kF
5sin21(sinh 0.8);0.348p, is consistent with the intercept o
A(k) andB(k) in Fig. 10 to within the precision allowed by
the momentum resolution. By contrast the lattice data disp
no evidence for two distinct branches, which is another s

FIG. 10. The propagator coefficientsA, B and C for m50.8
extrapolated toT→0 and thenj→0.
FIG. 11. The lattice dispersion
relation and typical free fermion
dispersion relation atm50.8. In
the right-hand panel the hole
branch is plotted as negative.
1-10
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NUMERICAL PORTRAIT OF A RELATIVISTIC BCS . . . PHYSICAL REVIEW D 69, 076011 ~2004!
nal of particle-hole mixing. More importantly, at no point d
the lattice data pass through zero, but betweenp/3<k
<17p/48 ~again consistent with the free-fieldkF) they have
a minimum of E(k)50.053(6); this is the BCS gapD.
Comparing this to our measurement of the vacuum ferm
mass in Sec. IV B, we find the ratio

D~m50.8!

S0
50.15~2!, ~34!

which assuming a fermion mass of 400 MeV implies th
D(m50.8);60 MeV, consistent with the analytic predic
tions of @10,23#.

This may be viewed more graphically in the right-ha
panel of Fig. 11, where excitations belowEF have been plot-
ted as negative. This makes the free fermion dispersion r
tion a smooth curve that passes continuously throughE50
at the Fermi momentum, and is similar in nature to that
lattice four-Fermi models with no BCS gap@19,20#. For our
data, however, this plot introduces a discontinuity of 2D
which looks exactly like that of a traditional BCS superflu
in the continuum.

D. µ dependence of the gap

Having systematically investigated the dispersion relat
and extracted the gap at one value of chemical potentia
would be illuminating to repeat the analysis of the previo
section for a range of chemical potentials in the BCS pha
However, generating data withLt524 in the chirally re-
stored phase is a CPU intensive task, takingO(20) CPU
days on a fast desktop PC for each value ofm. The reason
this is so much more expensive than in the chirally brok
phase is that the rate of convergence of the conjugate g
ent subroutine used to invertM†M in the generation of our
$F% configurations is related to the magnitude of the dia
nal components ofM, which are in turn proportional to the
constituent quark massS(m.mc).0.

For this reason we utilize the data generated withLt
516 and 20 and approximate theT→0 limit by extrapolat-
ing through these data and assigning a conservative esti
for the error; thej→0 extrapolations may then be carried o

FIG. 12. Lattice dispersion relations at various values ofm.
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as before. Although of little statistical significance, it shou
be noted that the dispersion relation atm50.8 extracted us-
ing this method is consistent, for all values ofk, with that
extracted using the full statistical treatment of the previo
section.

Figure 12 illustrates a selection of these dispersion re
tions for various chemical potentials. An interesting point
note is that unlike the diquark condensate, there is an up
bound ofm;sinh21(1.0);0.88, above which we cannot ex
tract an estimate of the gap using the method outlined in S
IV A. This can be understood by considering the nature
the lattice Fermi surface for free fermions in the infinite vo
ume limit, parametrized by Eq.~25! and plotted at two val-
ues ofm in the large-Nc limit in Fig. 13.

For kFi!p/2, corresponding to small values ofm, the
small-angle identities imply that the surface is approximat
spherical and the momenta sampled herein, emphasize
thekx axis in Fig. 12, are sufficient to probe either side of t
surface and detect the presence of a gap. Form
.sinh21(sinp/2), however, the reduced rotational invar
ance of the lattice dominates, and Eq.~25! has no real solu-
tion with kW5(0<kx<p/2,0,0). It is for this reason that th
curve atm50.9 in Fig. 12 shows no minimum and we ca
not extract a value ofD. While there is almost certainly a
gap present, as the maximum of^qq1& lies between 1.0
<m<1.1, to detect its presence via the dispersion relat
one is required to sample momenta along e.g. the more c
plicated diagonal pathkW5(k,k,k) with 0<k<p/2, illus-
trated in the right-hand panel of Fig. 13. Because of the la
number of spatial modes required to sample this path w
sufficient resolution, such a study is computationally beyo
our current capability.

Finally, D is plotted as a function ofm in Fig. 14 and
compared to the value of the diquark condensate. Altho
the error bars on our estimated values are fairly large, we
little evidence of anym dependence once the gap becom
nonzero. In fact, a least-squares fit toD5const, denoted by
the horizontal bar, has a chi-squared value of only 0.33
degree of freedom. In combination with Fig. 5, Fig. 14 pr
vides qualitative support for a simple-minded picture
which only diquark pairs within a shell encasing the Fer
surface of thickness 2D, independent ofm, participate in the
pairing, resulting in a condensate^qq1&}Dm2.

V. FINITE SPATIAL VOLUME EFFECTS

The conclusions of Secs. III and IV, that the high-m phase
is one with botĥ qq1&Þ0 andDÞ0, both rely on the dis-

FIG. 13. The zero temperature, infinite volume Fermi surface
two values of chemical potential.
1-11
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carding of data withj ,0.3, since results in the diquark se
tor with these small diquark sources disagree with the tre
at higherj. In order to be able to trust ourj→0 extrapola-
tions it is necessary, therefore, to justify this omission, es
cially since it is the data in the region of this limit that ha
been discarded.

We have previously argued that the discrepancy at loj
could be due to finite size effects@22#, since while our simu-
lations were performed on lattices withLs&20, variational
studies of theNf52, Nc53 continuum NJL model at zero
temperature in a finite spatial volume show that with no
quark source, a spatial extent of 7 fm (;25 lattice spacings!
is required before the model approximates its infinite volu
limit @38#. We have argued further that the source of the
finite size effects is due not to the realization of an ex
Goldstone-mode, but to the difficulty of representing a th
shell of states about the Fermi surface which contribute
diquark condensation on a discrete momentum lattice. W
this is supported in part by the finite size study presente
@22#, in which ^qq1& displays a nonmonotonic dependen
on Ls , it should be noted that the magnitudes of these fl
tuations are less than 1% forLs>8 and all values ofj, much
smaller than the approximate 30% suppression of^qq1& at
j 50.1 seen in Fig. 4. In fact, the diquark condensate sh
little notable Ls dependence even prior to extrapolation
T→0.

In Fig. 15, ^qq1& is plotted as a function ofj at m50.8
with Lt512 and various spatial extents, including the resu
of a large simulation withLs530. This shows that the di
quark condensate displays no significant size dependen
any j. The same lack of any significant spatial size dep
dence is found for botĥqq1& with Lt516 and 20 and for
E(k) with Lt516 and 20 within the allowed momentum
resolution. The fact that these observables remain uncha
at low j, even when changing the spatial volume by up to
factor of 2.53;16, makes it hard to believe our previou
suggestion that the suppression atj ,0.3 is due to finite size
effects. Instead, we propose an alternative suggestion in
following section.

FIG. 14. Estimates of the gap compared with the condensate
a range ofm.
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VI. NONZERO TEMPERATURE

In previous reports of this work@39,40#, we have sug-
gested that an obvious extension would be to carry out si
lations at nonzero temperature, with the aim of measur
the critical temperature of the superfluid phase,Tc . The non-
relativistic BCS theory predicts the relation between this
rameter and the magnitude of the gap to be@16#

D

Tc
51.764. ~35!

Furthermore, it has been shown that this relation holds
relativistic color superconducting systems in weakly coup
QCD with two flavors@35#. Although such weak coupling
predictions may be trusted only at asymptotically high de
sities, naı¨vely applying Eq. ~35! to our measurement o
D(m50.8)50.053(6) suggests thatTc;0.03a21, such that
at this chemical potential and in the limitj→0, one should
observe a superfluid phase only when the temporal exte
greater than about 35 lattice spacings. The fact that we
serve a BCS phase, even though our simulations were
formed on lattices with temporal extents much smaller th
this relies on our performing measurements withj Þ0 and
then extrapolating in the correct manner. Settingj Þ0 has the
effect of making condensation more favorable, which su
gests that at fixedj there could be a crossover at some pse
ocritical temperature,Tc( j ), separating a region where d
quark condensation is suppressed by thermal fluctuations
one in which it is not. One would expect the effect of i
creasing the source would be to increaseTc( j ) such that
diquark condensation can be observed on lattices w
smaller temporal extents. If one can successfully extrapo
to zero temperature first, aj→0 extrapolation should then b
possible.

This causes a problem if one wishes to determine
value of the condensate at a particular chemical potential
nonzero temperature, since it is possible that at temperat
close toTc , Tc( j ) crosses the temperature of the lattice ov
the range ofj studied. Figure 16 illustrates the diquark co
densate measured atm50.8 on lattices with various tempora
extents corresponding to various nonzero temperatures

or

FIG. 15. Diquark condensate atm50.8 onLx3Ly,z
2 3Lt lattices

with Lt512 and variousLx,y,z .
1-12
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well as the ‘‘T50’’ curves form50.0 and 0.8 from 124, 164

and 204 lattices, as plotted in Fig. 4.
The Lt54 results lie well below theT50 curve for all

values ofj, suggesting that the temperature is high enough
suppress condensation for the entire range ofj. A quadratic
extrapolation through these points is very similar to the z
temperature vacuum fit from Fig. 4 and is consistent w
^qq&u j→050. As the temperature of the lattice is decreas
however, the data at higherj are no longer suppressed and
extrapolation through allj is no longer possible. This can b
seen more clearly in Fig. 17, where we focus on the d
measured on a 303312 lattice.

While an attempted fit through all values ofj appears of
poor quality, by choosing a suitable point to separate
low- and high-j data one can fit the two regions successfu

While this implies that establishing the critical temper
ture of the superfluid phase is not as simple as we initia
believed, it does provide an alternative explanation of
suppression in̂qq1& at T50 for j ,0.3. The fact that the
curve fitted through theLt512 data overj P@0.6:1.0# agrees
with that of data extrapolated toT→0 and fitted overj
P@0.3,1.0# suggests that these curves represent not the
rect infinite volume limit, as previously suggested, but t
correct zero temperature limit of thej→0 extrapolation.
While a linearT→0 extrapolation is sufficient to reach th
curve for 0.3< j <0.5, the data atj ,0.3 must be suppresse
too much for such an extrapolation to be sufficient, i.e.

FIG. 16. Diquark condensate atm50.8 on various lattices a
nonzero temperature.

FIG. 17. Diquark condensate atm50.8 on a 303312 lattice.
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temperature of the lattice must be too high compared w
Tc( j ,0.3). This justifies in retrospect the discarding of t
low j data in the extrapolations of Secs. III and IV, whic
form the basis for the claimed superfluid ground state.

VII. NONZERO ISOSPIN CHEMICAL POTENTIAL

In previous sections, we have demonstrated numeric
that the ground-state of our two flavor model at nonzerom
and low T is that of a BCS gapped lattice superfluid. Th
pairing mechanism in this system, between quarks of op
site momenta and isospin, and thus analogous to 2SC
densation betweenu and d quarks in QCD, is particularly
energetically favorable. If the system were noninteracting
would cost no energy to create a pair of quarks at the co
mon Fermi surface of the degenerate flavors, such that w
the attractive interaction is restored, the system is expe
always to be unstable to diquark condensation@41#.

In nature, however, the Fermi momentakF
u andkF

d for up
and down quarks respectively are expected to differ. A s
plistic argument outlined in@42#, simplified still further here
to describe a two flavor system, suggests that in comp
stellar matterkF

u should be less thankF
d . For massless non

interacting matter with baryon chemical potentialmB
5400 MeV, an electron chemical potentialme589 MeV is
required to enforce both charge neutrality and chemical e
librium under weak interactions. Together, these two con
tions determine all the chemical potentials and Fermi m
menta:

kF
u5mu5mB2

1

2
me5355.5 MeV, ~36!

kF
d5md5mB1

1

2
me5444.5 MeV,

kF
e5me589 MeV.

Here we use the term baryon chemical potential in the c
text of the NJL model, where baryons are identified w
quarks andmB[ 1

2 (mu1md). The effect of separating the
free-particle Fermi surfaces of pairing quarks should be
make the superconducting phase less energetically favora
and should prove a good method to investigate the stab
of the superfluid phase.

Such a study was applied to the 2SC color supercond
ing phase in a mean field four-Fermi model in@43#. Similar
to results for superconductors in the presence of a magn
field @44,45#, when the free field Fermi surfaces are separa
by only a small amount the ground-state of interacting ma
remains superconducting with degenerate Fermi surfaces
the pairing partners. At some critical free fermion separati
however, the system is found to go through a first ord
transition to a gapless Fermi liquid with two separate s
faces. Unlike normal superconductors, however, the size
the gap increases slightly under small flavor asymmetries
effect attributed to the model’s color structure extracted fr
one gluon exchange in QCD. This analysis has also b
extended further to include systems in which the Fermi s
1-13
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faceskF
u andkF

d are separated not only by an isospin chem

cal potential, but a fixed momentumqW @41#. In such a system
when ukF

u2kF
d u and qW are sufficiently large that the Ferm

surfaces cross, Pauli blocking implies that 2SC becomes
stable with respect to a state in which diquark condensa
occurs only at a ring of states close to the intercept of
surfaces. The state has both broken translational and
tional invariance in which the diquark pairs have nonze
total momentum; in analogy with such phases in elect
superconductivity this is known as the LOFF phase@46,47#.

In the lattice NJL model, the pairing quarks of oppos
isospin are represented by the two components of the s
gered fermion field

xx[S x1~x!

x2~x!
D 5S u~x!

d~x!
D , ~37!

hereon referred to as ‘‘up’’ and ‘‘down’’ quark flavors. Th
Fermi surfaces of the pairing partners can be separate
directly allocating them different chemical potentials,mu and
md , equivalent to having simultaneously nonzero bary
chemical potentialmB5 1

2 (mu1md) and isospin chemica
potential m I5

1
2 (mu2md). Although this definition implies

that mu.md , which is contrary to the conclusions of th
argument outlined above, this notation has been chosen t
consistent with the analytic studies of@48# and @49# ~since
the NJL model does not include weak interactions and
therefore isospin invariant, the labelsu and d are inter-
changeable!. In the physical context of compact stars, t
two scales should be orderedmB@m I , since the simple ar-
gument leading to Eq.~36! predicts that 1

2 umu2mdu
;0.1mB .

With this introduction, the fermion kinetic operatorM,
defined previously in Eq.~3! becomes

Mxy
pq5

1

2
@emB~et3m I !pqdyx10̂2e2mB~e2t3m I !pqdyx20̂#

1
1

2
dpqF (

n51

3

hn~x!~dyx1 n̂2dyx2 n̂ !12mdxyG
1

1

16
dxy(

^ x̃,x&
@s~ x̃!dpq1 i e~x!pW ~ x̃!•tW pq#. ~38!

Unfortunately, this means that the proof that detM is real
and positive presented in@19# is no longer valid, which can
be seen be noting that e.g.t2(et3m I)t25e2t3m IÞ(et3m I)* ,
and the identityt2Mt25M* no longer holds. Although this
would not cause the simulation to fail, since we use detM†M
as our fermionic measure, the fact that this choice is the
reason the algorithm would work implies that nontrivial i
teractions betweenx andz quarks will be introduced which
could cause the argument of@29# to break down. Instead, w
choose to simulate in the quenched isospin limit in wh
detM†M is calculated withm I50 in the HMC update of the
bosonic fields, while Eq.~38! is used inA during the mea-
surement of the observables.
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Before we discuss settingm IÞ0 in the superfluid phase
let us examine the effect this introduction has on the ch
phase transition. An analytic study of the NJL model h
shown that introducing a smallm I causes the chiral phas
transition to split into two, one transition for the condensa
of each quark flavor@48#.

Figure 18 illustrates lattice measurements of the up
down quark condensates

^ūu&,^d̄d&[
1

V

] ln Z

]mu,d

5
1

4V K trS 16t3

217t3
DA 21L ~39!

as functions ofmB for variousm I measured on a 124 lattice.
Although these results are measured on only one volume
speed of these simulations means that is possible to gain
resolution inmB . Consistent with the predictions of@48#, the
two transitions, which are coincident in the limit thatm I
→0, separate asm I is increased. This can be understood
noting that for fixedm I the chemical potential of the up
quark is larger than that of the down, such that asmB in-
creases,mu reaches the critical chemical potential first. It
not clear, however, why the curve of the up condensate
viates from them I50 solutions more than that of the down
This effect, not predicted in@48#, could be some finite vol-
ume artifact, or a result of the quenched approximation.
an aside, it has been argued that the observation of two t
sitions is an artifact of the diagonal flavor structure of t
NJL model with broken chiral symmetry and would not b
observed in nature. In particular, the introduction of
instanton-motivated flavor mixing vertex with even a we
coupling is shown to restore the single transition@49#.

In the diquark sector, we relabel the order parame
^qq1& defined in Eq.~12! as^ud&, to emphasize the fact tha
condensation occurs between quarks of different flavors.

Figure 19 illustrates thêud& condensate measured
mB51.0 on 124, 164 and 204 lattices as a function ofj for
various values ofm I . Results are extrapolated toT→0 as
before. As expected, the effect of significantly increasingm I
for fixed j is to suppress condensation, an effect that is m
pronounced at smaller values ofj. Less straightforward to
understand, however, is that at values ofj above this suppres
sion^ud( j )& appears to increase slightly with increasingm I .
By analogy with @43#, this could be due to the nontrivia
O(a) color-mixing terms of the staggered quark action, b
again could be due to the crudeness of the quenched app
mation.

As with our results at nonzero temperature, because
effect of increasing the diquark source is to make the sup
fluid more robust to settingm IÞ0, it is not yet clear how to
determine the critical isospin chemical potential in the lim
j→0.

VIII. SUMMARY

To our knowledge this is the first systematic nonpertur
tive study of a 311d relativistic system~albeit one with a
1-14
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FIG. 18. ^ūu& and ^d̄d& con-
densates for variousmB andm I on
a 124 lattice.
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Lorentz noninvariant cutoff! which has a Fermi surface. Ou
goal has been to study such a system with phenomeno
cally reasonable parameters, but with the main focus on c
acterizing the high-density ground state. The principal re
is that in the limitT→0 the Fermi surface is unstable wit
respect to condensation of diquark pairs in the scalar iso
lar channel, leading to a ground state characterized b
U(1)B-violating order parameter̂qq1&. The resulting en-
ergy gapD which opens up at the Fermi surface is appro
mately 15% of the constituent quark mass scale, in g
agreement with self-consistent estimates made with sim
models in continuum approaches. It seems likely that
model is thus a superfluid described in terms of orthod
BCS theory.

FIG. 19. ^ud& condensate as a function ofj for variousm I with
mB51.0.
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Detailed quantitative agreement with further aspects
the BCS theory, such as the prediction~35! for Tc , is hard to
verify because of practical difficulties in simultaneous
probing bothT→0 and j→0 limits. Finite volume effects in
this system are complicated to unravel because of their s
rate dependences onLs andLt . As described in Secs. V an
VI, for the first time we have been able to simulate a su
ciently broad range ofLs ,Lt to be able to demonstrate tha
the apparent suppression of the order parameter for smalj is
due to our distance from theLt→0 limit. Note, though, that
the ratioLt /Ls cannot be made arbitrarily large without in
troducing artifacts due to discretization ofk-space, as shown
in Fig. 4 of @22#. With the bare parameters used in this stu
we estimate that volumes greater than 404 will be needed for
quantitative studies ofTc .

Finally, we have made the first exploratory study of
system with nonzero chemical potentials for both bary
number and isospin, which as described in Sec. VII is
necessary precondition for an accurate description of
conditions prevailing inside a neutron star. It is amusing t
the sign problem comes back to bite, restricting us to c
sidering nonzero isospin density in the quenched approxi
tion only. Nonetheless, we have been able to observe
expected suppression ofud pairing at the Fermi surface
Bearing in mind that phenomenology demandsm I!mB , it is
not ruled out that future simulations could successfully u
quench isospin by either reweighting or analytic continuat
in the small parameterm I /mB , much as the conditions in
heavy ion collisions can be accessed by lattice QCD sim
tions atmB50 analytically continued inmB /T.
1-15
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APPENDIX A: THE AREA OF THE FERMI SURFACE

In Fig. 5 we plot the area of the Fermi surface in t
infinite volume limit as a function of chemical potentialm.
Here we outline the method used to produce this curve.

In general, one can calculate the area of any surfaceS by
integratingf51 over that surface

surface area5E
S
1ds, ~A1!

where ds is an infinitesimal two-dimensional element ofS.
If the z-component of that surface is single-valued, one m
turn this into a two-dimensional integral in thex-y plane

E
S
1ds.EE

A

ds

dxdy
dydy, ~A2!

whereA is the area projected ontoz50 andds is the area of
a parallelogram tangential toS that projects onto a square o
areadxdy. In the limit thatd→d, ds/dxdy is given by the
absolute gradient ofz(x,y)

u¹z~x,y!u5US ]z

]x
,
]z

]y
,
]z

]z
D U

5AS ]z

]x
D 2

1S ]z

]y
D 2

11 ~A3!

and the equality in Eq.~A2! becomes exact.
In calculating the area of the Fermi surface, we consi

the section of momentum space with 0<kx,y,z<p/2 in
which the surface is a single-valued functionkFz(kFx ,kFy).
From Eq.~25!, we find that thekz-component of the Ferm
surface for free fermions at fixedm is given by

kFz~kFx ,kFy!5sin21AC2sin2kFx2sin2kFy ~A4!

where the constantC[sinh2m2S2 and the value ofS(m) is
taken from the large-Nc solution of the gap equation~17! in
the infinite volume limit. The absolute gradient of this fun
tion is

u¹kFz~kFx ,kFy!u

5A11
cos2kFxsin2kFx1cos2kFysin2kFy

S C2 (
i 5x,y

sin2kFi D S 12C1 (
i 5x,y

sin2kFi D
~A5!

and the surface area is given by
07601
r-
e.
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r

E E
A
u¹kFz~kFx ,kFy!udkFydkFx , ~A6!

which we evaluate numerically. In setting the limits of int
gration, we have several cases, determined by the valu
C(m):

~a! For C<0, Eq. ~A4! has no real solutions and th
surface area is zero. From the definition ofC one can see tha
this corresponds physically to the chemical potential be
insufficiently large to allow the existence of a sea of partic
with massS.

~b! For 0,C<1, the approximately spherical surface i
tercepts thekx and ky axes at sin21AC and we have one
region of integration.

~c! For 1,C<2, the discretization of space-time dom
nates and the surface no longer intercepts the axes. Th
the situation depicted in the right-hand panel of Fig. 1
Equation~A4! no longer has any real solutions with sin2kx
1sin2ky<1 or .2. We must separate our integral, therefo
into two regions.

~d! For 2,C<3, the surface is again approximate
spherical, but with the center at (p/2,p/2,p/2). In this final
region, saturation effects are dominant as the surface are
the sphere decreases with increasingm until at C53 ~i.e.
m;sinh21A3;1.32) the area reduces to zero and the latt
is saturated with fermions.

The limits of integration are listed in Table II.
The only limitation of this method is that the antiperio

icity of the Fermi surface in the region considered impli
that ¹kFz diverges at the boundarieskz50 and kz5p/2.
Analytically, this divergence is cancelled in the integral
the infinitesimal size of dx and dy. In a numerical solution,
however bothdx and dy are nonvanishing and the integr
diverges. To overcome this effect we introduce a sm
‘‘buffer’’ about these boundaries to stop the inclusion of d
vergent terms. The size of this buffer is then reduced until
effect on the solution is negligible. The buffer used to pr
duce the curve in Fig. 5 is 1029; once the curve is evaluated
it is multiplied by an arbitrary constant~1/45! to allow it to
be compared directly with the measured value of^qq1&.

APPENDIX B: THE VOLUME OF THE FERMI SEA

In Fig. 1, the volume of the Fermi sea in the infini
volume limit is plotted as a function of chemical potentia

TABLE II. Limits of integration in calculating the area of th
Fermi surface for different values ofC[sinh2m2S2.

C kx ky

<0 Area50 n/a

0:1 0:sin21AC 0:sin21AC2sin2kx

1:2 0:sin21AC21 sin21AC212sin2kx:
p

2
sin21AC21:

p

2
0:sin21AC2sin2kx

2:3 sin21AC22:
p

2 sin21AC212sin2kx:
p

2

1-16
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TABLE III. Limits of integration in calculating the volume of the Fermi sea for different values oC
[sinh2m2S2.

C kx ky kz

<0 Volume50 n/a n/a

0:1 0:sin21AC 0:sin21AC2sin2kx 0:sin21AC2sin2kx2sin2ky

1:2 0:sin21AC21 0:sin21AC212sin2kx 0:
p

2

0:sin21AC21 sin21AC212sin2kx:
p

2
0:sin21AC2sin2kx2sin2ky

sin21AC21:
p

2
0:sin21AC2sin2kx 0:sin21AC2sin2kx2sin2ky

2:3 0:
p

2
0:sin21AC22 0:

p

2

0:sin21AC22 sin21AC22:
p

2
0:

p

2

sin21AC22:
p

2
sin21AC22:sin21AC212sin2kx 0:

p

2

sin21AC22:
p

2
sin21AC212sin2kx:

p

2
0:sin21AC2sin2kx2sin2ky
o

al-
uch
This calculation, which is simpler than that for the area
the Fermi surface, is done by integratingf51 numerically
over the volume bounded by Eq.~A4!

Volume5E E E
V
1dkzdkydkx , ~B1!
ys

07601
fwhere again the limits are determined by the value ofC.
These are listed in Table III.

As the integrand, unity, is well behaved over allkx , ky
andkz , there is no need to introduce a buffer into this c
culation. Once the curve is evaluated, it is normalized s
that volume(C53)[1 to allow direct comparison with the
large-Nc prediction fornB .
ys.

ys.
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