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Numerical portrait of a relativistic BCS gapped superfluid
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We present results of numerical simulations of {Be-1)-dimensional Nambu—Jona-Lasinio model with a
nonzero baryon density enforced via the introduction of a chemical potenti@. The triviality of the model
with a number of dimensiond=4 is dealt with by fitting low energy constants, calculated analytically in the
large number of color¢Hartreg limit, to phenomenological values. Nonperturbative measurements of local
order parameters for superfluidity and their related susceptibilities show that, in contrast wit+the
dimensional model, the ground state at high chemical potential and low temperature is that of a traditional BCS
superfluid. This conclusion is supported by the direct observation of a gap in the dispersion relation for 0.5
<pa=<0.85, which atua=0.8 is found to be roughly 15% the size of the vacuum fermion mass. We also
present results of an initial investigation of the stability of the BCS phase against thermal fluctuations. Finally,
we discuss the effect of splitting the Fermi surfaces of the pairing partners by the introduction of a nonzero
isospin chemical potential.

DOI: 10.1103/PhysRevD.69.076011 PACS nuni®erll1.30.Fs, 11.15.Ha, 21.65f

[. INTRODUCTION either use some approximate nonperturbative approach such
as the instanton liquid8], or resort to phenomenological
The ground state of QCD wittN;=3 flavors of light —models of the strong interaction such as the Nambu-Jona-
quark at low temperatur and asymptotically high density Lasinio (NJL) model[9,10].
is thought to be a “color-flavor locked(CFL) state in which Generic NJL models contain fermions, to be thought of
SU(3).®@SU(N¢) @ SUNNf)r®U(1)g symmetry is sponta- either as quarks or baryons, self-interacting via contact four-
neously broken by diquark condensation in the color antitripFermi terms[11]. In a Euclidean metric, the prototype is
let channel to a diagonal SU(3) and which is thus simul-  written in terms of isopinor fermion fieldg, s, as
taneously color superconducting, superfluid, and chirally
broken[1,2]. Since diquark condensation is thought to occur )
at the Fermi surface via a BCS mechanism, it is accurately —d 9" — ., — 2 1
described by a self-consistent gap equation in the asymptotic Enau= (@ +m)y= S [ = (Yrysy)™) (D
regimeu—oo, with u the quark chemical potential or Fermi
energy, where the QCD coupling(u) is weak[3]. How- ) ) ]
ever, the densities for which analytic predictions of weaklyWhich has SU(2)®SU(2)g chiral symmetry. In 3-1 di-
coupled QCD can be trusted are much greater than the cof?€nsions the interaction _strenggﬁ has mass dimension -2,
ditions, with u~0O(1 GeV), which are likely to be physi- |mp'ly|ng' that the model is nqn.renorm.ahzable and must be
cally realizable in our universe at the centers of compacfléfined in terms of some explicit ultraviolet scale(see e.g.
stars[4]. [12])._ Since the model has no gluons, it fails to reproduce the
In this regime we face the twin problems that QCD be-Physics of confinement; however, for sufficiently Ialgﬁethg
comes strongly interacting, and that the most systematic wafodel does exhibit spontaneous chiral symmetry breaking to
of computing its properties nonperturbatively, namely nu-SU(2), resulting in a physical or “constituent” fermion
merical simulation of lattice gauge theory, cannot heip be/hass scal&~g?A®>m. The phase structure of the model
cause of the “sign problem”; the lack of positivity of the IS most conveniently studied in the Hartree approximation,
QCD Euclidean path integral measure with#0 makes corresponding to retaining only those diagrams which, if the
Monte Carlo sampling methods inoperable. Another compliiumber of fermion degrees of freedom were multiplied by a
cating factor is that once the density becomes low enough tictorN and the coupling rescaled g&/N, would remain at
make the strange quark masg no longer negligible com- leading order in IM. At low T it is found that for values of
pared tou, then other channels involving pairing between chemical potentiak..~2 there is a transition, whose order
just u andd may be preferred’ |ea_ding to a p|ethora of dif- depends on the details of the cutoff, in Vithh chiral symme-
ferent possible ground states, including even crystalline extry is restored and baryon densitys= (i) increases
amples[5-7]. Analytic approaches to these questions mussharply from zerd13—15. For u> u. the NJL model thus
describes a state resembling relativistic “quark matter.”
Since there is no short-range repulsion present, the stability
*Electronic address: s.j.hands@swansea.ac.uk of a phase in which bothg and2, are simultaneously non-
"Electronic address: david@theory.ph.man.ac.uk zero, corresponding to “nuclear matter,” is revpriori clear.
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The color superconducting solutions discussed in the firstcolors” N.) to calculate the vacuum fermion masg and
paragraphs have been obtained by solving the self-consistetite constant$ ., andm_., and find that a reasonable match-
“gap equation” for the smallest energy\2required to excite ing can be made with an inverse lattice spaciag*

a quasiparticle pair out of the ground state consisting of &700 MeV. In Sec. Ill we present results for the phase
filled Fermi sea. Solutions with >0, implying the instabil-  structure of the model for low, the diquark condensate and
ity of a sharp Fermi surface with respect to formation of aassociated susceptibilities, and in Sec. IV dispersion relations
condensate of Cooper pairs, form the basis of the BCS den the spins sector. For the first time there is evidence for a
scription of superconductivity16]. Such solutions are also nonvanishing BCS gap from a lattice simulation, with
characterized by a Cooper pair diquark condensatéqq) A/3,=0.15, which translates to a gap of around 60 MeV in
=0 whose precise definition will be given below; here it physical units. This is consistent with estimates from self-
suffices to identify it with the density of condensed pairs inconsistent approachd40,23. In Sec. V we discuss finite
the ground state. Since the NJL model is not a gauge theoyolume effects and finally in Secs. VI and VIl present pre-
the corresponding BCS ground state is not superconductingminary results for simulations both witi>0 and with
(analogous to a Higgs vacuum in particle physitsit rather  small but nonzero isospin chemical potentigl# 0, which

a superfluid, in which the global U(})oaryon number sym- has the effect of separating theandd quark Fermi surfaces
metry of Eq.(1) is spontaneously broken Kgq)+#0, which  and hence discouragingd condensation. Section VIII con-

is thus a true order parameter. tains a brief summary.
Since to leading order in W/ {qqg)=A=0, itis legitimate
to query the approximate methods used to find such solu- || | ATTICE MODEL AND PARAMETER CHOICE
tions. Fortunately in this case it is possible to employ nu-
merical lattice methods, because as reviewed below the A. Formulation and symmetries

lattice-regularized NJL model has no sign problem. Initial = The Jattice version of the NJL model we employ was first
studies have focused on the high density phase of the NJysed in a study of chiral symmetry restoration at zero chemi-

model in 2+ 1d, in part for the obvious technical advantage ca| potential in[12]. The action, with lattice spacingset to
of working in reduced dimensionality, and in part for the ynity, reads

conceptual advantage that NJL, has an ultraviolet stable

fixed point and hence an interacting continuum limit, so that —

in principle we need not worry about the cutoff dependence So=Srerm* SbOSZXEy XxMLP Lxyxy

of the results. Although the simulations reveal enhanced di-

guark pairing in the scalar isoscalar chani&l], there is no _ 2 N

evidence for the expected BCS sigrdalg)#0, A+0. In- T LMH [Pyl + — > trdidy, (2
stead, the condensate vanishes nonanalytically with external 9 x

diquark source strengihand the fermion dispersion relation — _

reveals a sharp Fermi surface and massless quasiparticle§erey, x, { and { are Grassmann-valued staggered isos-
[18,19. The fitted values for the Fermi momentum and pinor fermion fields defined on the sitesof a hypercubic
Fermi velocity, however, do not match those of free fieldlattice, and®=o+i- 7 is a 2x 2 matrix of bosonic auxil-
theory, and indeed are difficult to account for in orthodoXiary fields defined on the dual sit&s The kinetic operatoM
Fermi liquid theory{20]. The interpretation is that due to its s given by

low dimensionality the system realizes superfluidity in an

unconventional Berezinskii-Kosterlitz-Thoule®&KT) mode 1

first invoked to describe thin helium filmig1]; the massless M)‘f?:z&pq e dyx+0—€ “Oyx—p

modes due to phase fluctuations of the would-be condensate

field remain strongly fluctuating, resulting in unbroken

U(1)g symmetry but critical behavior for ajk> u.. Meta- + 2 7,(X) (Syxs 5~ Oyx—3) +2mMdy,
stability of persistent flow is only revealed by the nontrivial v=123

response of the system to a symmetry breaking field with a 1 5 .

twist imposed across the spatial boundary. + E%,Z) [a(x)PY+ie(x)m(x)- P9 ()

For this reason in the current paper we present results of (xx

simulating NJls 1, with the goal of exposing superfluid be- ) )
havior with the more conventional signétjq)#0, A>0.  Such that the parameters are bare fermion massoupling
Our first results suggesting thagq)#0 for u>pu. have 9 (with mass d~|menS|0|°r 2) and baryon chemical potential
appeared ifi22]. The details of the lattice model, the simu- w«. The symbokx,x) denotes the set of 16 dual sites adjacent
lation technique, and the observables monitored to expos® x. The Pauli matrices acting on isospin indiges| are
this behavior are reviewed below in Sec. Il. As alreadynormalized so that tr;7j=24;; . The phase factors,(x)
stated, in 3+ 1d the model is nonrenormalizable and must be=(—1)%" " "*-1 ande(x)=(—1)*"*1"*2"*3 ensure that
defined with a cutoff. The bare parametgfsandmmust be  fermions with the correct Lorentz covariance properties
chosen so that the model’s properties match those of lovemerge in the continuum limit, and that in the linnit— 0
energy QCD as closely as possible; in Sec. Il C we use #e action(2) has a global SU(2)® SU(2)g invariance un-
largeN expansion(hereN is identified with the number of der

076011-2



NUMERICAL PORTRAIT OF A RELATIVISTIC BGCS . .. PHYSICAL REVIEW D 69, 076011 (2004

x> (PUFPNVIX: x—x(PNT+PUT) (&) 20 7= f DyDYD{DZD®

gH(PeU*+P0V*)§; ZHZ(IPEVT* +P0UT*) Xexp_(sferm+ Sbos+ SSOUI‘CS)

d—VOUT with U,VeSU(2).
_ o4 C T e Spod @1
The even/odd projectors are given bPgy(x)=3[1 j DO PRAALD, g ])e™ ol @)
+g(x)]. In addition the action has a U(d )nvariance under

baryon number rotations: with the antisymmetric matrix4(j,j), which acts on bis-
: —_ inors (x,x"") [and.A*(—j,—J) on (£,¢™)], given b
X’gﬁelax,g X1§HX1§e Ia. (5) p (XX ) [ ( J J) (g g )] g y
The auxiliary fieldss and 7 can be integrated out to yield A= Jro M ) _ )
an action written solely in terms of fermion fielgsandZ. In -M" 7,

the continuum limitad— 0 lattice fermion doubling leads to

a physical content for the model of eight fermion speciesThe reality of P{4= \detA follows by noting the identity
(four described by, four by ¢) with self-interactions resem- M 7,=M* [19]. In fact, PfA can also be shown to be
bling those of the continuum NJL modébut with terms  positive definitg19,24], implying thatZ can also be defined
of the form yx£¢ differing in detail from those of the form for a single power of the pfaffiafi.e. with the fieldsZ,¢
Xxxx), resulting in an additional approximate omitted, corresppnding taN.=4. However, the smallest
U(4)®U(4) symmetry which is violated by terms @f(a). valqe of N; permitted py the exact hybrid Monte Carlo al-
Further details are given ifl2]. In what follows we will ~ gorithm(see Sec. Il Dis 8.

somewhat arbitrarily refer to these degrees of freedom as

colors and hence defindl;=8; this is in distinction to the B. Observables

explicit flavor or isospin symmetry4) which gives rise to Here we list the various observables monitored in the

Ny=2. Lo . . . . simulations. For simplicity we restrict our attention to those
In order to examine issues associated with diquark pair-

ing, it is necessary to introduce a source term into the actiorf?onStrUCted frof“ they.x fields; their equivalents in thé
A suitable term, invariant under E¢g) but violating baryon sector are easily found. Angled brac_kets denote averages
number conservatiofb), is taken with respect to the measure defined by (&j.

The chiral condensatgyy) is given by

i
Ssource:; E(X;rTZXx+§;r72§x) — 1 &InZ_ 1 1 4
B 0=y om =av\" o A O
J P S
+§(XxT2X§<r+§xT2§§<r)’ 6)  To leading order in a largdk, expansion the chiral conden-

sate is proportional to the expectation value of the scalar

where in this paper we will considgrj real and positive. field S=(o)=(g%2){xx), which in the chiral limit also
With this addition the partition function follows from inte- defines the physical aonstituenfermion mass. The baryon
grating over the Grassmann degrees of freedom, charge densityg per flavor is given by

149Inz 1 t
Ng=5v =it
B2V ou 8V | —ets,, g—e M8

€8, PO
e 7 O)A1>. (10

In the diquark sector it is convenient to define operators In the continuum limit, the corresponding operators written
1 L in terms of spinorsy, with 4 spin, 2 flavor and 4 color
A0 (%)= 7 DX T2XxE X2 ] (1)  components arg24]

— 2" Cys® 7,® (Crys)*
and corresponding source strengjhs=j*j. The conden- 9= lp_ 758 728(Cs) lﬁ_
sates are then + YCys® 7, (Cys)* Y, (13)

<qq+>:l alhzzi<tr( Sk )A_1>. (12  Wwith C the charge conjugation matrix satisfyir@y,C !
-V 9j. 4V 2 =— y;. The condensate wave function is thus scalar isos-
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calar, but with a nontrivialand for us uninterestingvaria-  perturbative expansion in Nf is possible in four-Fermi
tion under “color” rotations, and manifestly antisymmetric theories by calculating quantities analytically to leading or-
as required by the exclusion principle. We will also considerder in 1N, the Hartree approximation. Feynman diagrams

the diquark susceptibilities are evaluated using staggered quark propagators defined on
5q0.) anL3x L/2* Euclidean blocked lattice with periodic bound-
ERACLREY ary conditions in spatial dimensions and antiperiodic bound-
T ; (90-(0)q9.00) (14 ary conditions in the temporal dimension. The integrals over

loop momenta are evaluated as sums over momentum
which are constrained by identities analogous to the axiamodes.
Ward identity for the pion propagator; a particularly useful  Let us first calculate the gap equation, the fermion self-

form in thej _—0 limit reads interaction, to leading order in N/ . For sufficiently strong
couplingg?> gg the scalar auxiliary fieldr develops a spon-
| o= (99.) (15 taneous vacuum expectation valtie which in the chiral
X-lj_=o0 iy limit can be identified with the constituent fermion mass and
is given by

When U(1); is spontaneously broken by the formation of a
condensatéqq, ) #0, thereforegq_ interpolates the result-

ing Goldstone mode, whose masslessness, as0 is guar- NNS* (7 d'p 1
anteed by Eq(15). Physically the Goldstone mode is respon- 3= b =—c/ 717 e >
sible for long-range interactions between vortices in the B J_Z (2m)* p*+(3*a)

superfluid phase, and at nonzérdor propagating wave ex-
citations of local energy density known as second sound. 17)
In order to study the spectrum in the sginsector we ~
need theGor’kov propagatoG=A4 1. It can be written as ~ Where p?=33_sirp, is the dimensionless squared loop
momentumN. andN; are the number of flavors and colors
Ay Ny respectively, angg=a?/g? is the dimensionless inverse cou-
Gxy= N A (16)  pling constant. In this section we shall distinguish the expec-

tation value of the scalar fiel® from the constituent mass,

where each entry is a522 matrix in isospace. The notation Which to leading order in (N;) we define as* =% +m;

indicates  both normal (q(x)a(y)) and  anomalous elsewhere in this paper the two shall be used interchangeably
-~ — and both denoted b¥.

(a(x)a(y)) components: on a finite systemandA vanish f is calculated from the vacuum to one-pion axial-vector

in the limit j,J—0, and we recover the usual fermion and matrix element

antifermion propagators d8 andN respectively. The num-

ber of independent components is constrained by the identi- (p+kf2)a !

ties Noo>=N7;, Noy=—N7,, A,,=—A7; and A,;=A%,, SO

thatG can be reconstructed using just two conjugate gradient _ il

. . L . : . <0|Ji5M(k)|7Tj> LYuVs55

inversions ofA. In addition, isospin and time-reversal sym-

metries dictate that after averaging over configurations the .

only independent nonvanishing components aré&NReand (p—k/2)a

Im A4,, which henceforth we will refer to simply &éandA

respectively.

Xy Xy

t8mqqY5Ti ©

(18

Translating this diagram, noting that the pion-quark-quark

C. Phenomenological parameter choice couplingg,qq~9/ N, and taking thek—0 limit we find
As previously discussed, in a number of dimensiahs .
=4, the continuum NJL model is nonrenormalizable, which WJW/z d'p cos 2,
implies that the lattice model becomes trivial in the con- f, EELl B, (2m)* [p2+ (3*a)?)?
tinuum limit [12,15. This means one must choose a fixed oo ” - (19
lattice spacinga, corresponding to a fixed inverse coupling D f"’z d'p 1
constant@=a?/g?, by fitting the model's parameters to low —a2 (2m)* [p?+ (S*a)?]?

energy, vacuum phenomenology. Employing methods out-

lined in [15], we calculate the ratio between the pion decay In order to check that this form is sensible we choose to
rate f_ and the constituent quark mass, i.e. the dynamicaéxamine the continuum limit by extracting the leading order
mass of the quark in the chirally broken phase. By fitting tobehavior of Eq(19) as the dimensionless quark massa is
phenomenological values we may extrgcas a function of  reduced to zero. This is done by the introduction of a dimen-
the model’s only other free parameter, the current quark massionless hyperspherical cutodf which splits the loop mo-

m. Finally, calculating and fitting the pion mass, allows us ~ menta into two regions, one witlp|> & and one with|p|

to fix m, and hence3. We take advantage of the fact that a <4. As 6—0, the inner region picks up the continuum be-
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TABLE |. Summary of largeN, parameter fits. D. Simulation
Phenomenological Lattice Parameters We chosg to perform the numerigal simulation qf t_he_ path
Observables Fitted Extracted mt_egral defined by Eq.7) in the partially quenchedimit |
=J=0, for two reasons. The first is technical; in this limit
2* =400 MeV ma=0.006 PP(A)=detMMT, so that there is no obstruction to using
f7=93 MeV B=0.495 the hybrid Monte Carlo(HMC) algorithm [26], which is
m, =138 MeV a~ =720 MeV “exact” in the sense that there is no systematic error due to

nonzero time step, a reassuring feature whenever a previ-

havior, while the outer region yields the finite terms relevantoUSIy unexplored phase is to be studied. The second is prag-

to lattice perturbation theor25]. Ignoring these terms and Matic; it enatz)les many values pfo be studied with a single
taking 3*a—0 we pick up a leading contributiof,./S* run e_1t fixedg gnd,u_, thus saving much computer tlmg. Our
. \/NCNfIn(5/2*a)/4772. Although this quantity is Iogarith- previous studies in i.uld [18,19] used both partlally
mically divergent, we know that the integral betweef2 quenched and full pfaffian simulations, and found essentially
and — /2 is both finite and independent of and that the No difference in the results. . o
transition between the two regions of integration is smooth. The simulations were run on a variety of lattice sizes and
This means that the I term must be cancelled out by a Vvalues ofu. Inatypical simulation, we generated 500 equili-
similar term in the outer region and the continuum behaviorated configurations separated by HMC trajectories of mean

of f./>* is thus given by length 1.0. The time step required to achieve an acceptance
rate ~80% was found to decrease with increasing lattice
fr NN¢ 1 size. For larger lattices, where the optimal time step was
s (Zw)zlnz*a' (200 smaller than 1/25, we also tuned the number of coldfs

=N,.=8 used during the generation of molecular dynamic
This is the same behavior found 3%/A —0 for the regu-  trajectories; in tuning the number of colors, which is “renor-
larization schemes employed[ih5], namely 3l-momentum, malized” by the discretization of the trajectory, one can in-
4d-momentum, and real-time cutoffs as well as the Paulicrease the acceptance without increasing the number of inte-
Villars scheme. gration steps used. In the exact accept/reject step, and hence
By calculating Eq(19) in the infinite volume limit, fitting ~ the integral over all configurationdy,=8. Measurements
f_ to its experimental value of 93 MeV ar¥f* to a reason- were carried out on every second configuration, in all cases
able 400 MeV we are able to extract the dimensionless quariith j=j=j_=0. In the rest of the paper we will quote all
massX*a=0.557, such that to leading order inNL/the  results in terms of ., henceforth referred to gs
lattice spacinga= (720 MeV) 1~0.3 fm. Solving the gap The reader may be wondering why HMC simulations of
equation (17) with this value for the mass we find that the NJL model withu#0 are possible, whereas they are
B%a=0.273. Using the identity>* =m+3 we deduce a well-known to be ineffective for QCD. In both cases the
relationship between the bare quark mass and the inversggorithm reproduces as path integral measure the positive
coupling, definite deMM?. For QCDM describes a color triplet of
quarksg, MT a color antitriplet of conjugate quarkg, thus
_ 0.273 _ (21) permitting gauge singlet baryonigg® bound states. The
(0.557-ma) lightest such state can be shown to be degenerate with the
Goldstone pion associated with chiral symmetry breaking,

Finally, in order to fix the bare quark mass and hence th§hich means that baryonic matter is induced into the ground
coupling, we need to fit one more phenomenological observgiate at an onset,yue~0(m./2), in contradiction to the

able. Again following[15], we calculate the mass of the pion physical expectationzoocp~O(Myusieod3) [27,28. In

m.. by solving the self-consistent equation NJL-like models, by contrast, in the largé- limit the Gold-
m (m.a)2 stone pole is saturated by disconnectgy bubbles, which
4——=2NN;———1, (22)  cannot contribute in thegg® channelgd29]; hence the HMC
> B onset occurs at the constituent scalg~2 as expected, re-

sulting in a ground state of degenerate fermion degrees of
freedom and hence a Fermi surface. For the continuum
2 dhp 1 model studied herg andq® have identical quantum numbers
|:f _ _ . (23 and are hence indistinguishable; however the HMC approach
—mi2 (27)* [p%+ (3S*a)?][p? +(2*a)?] also yields physically reasonable behavior even in models
5 where the chiral symmetry group is (1 rather than
andp? =33_sir(p=im,a),. Settingm,, to a phenomeno- SU(2)® SU(2) and this is not the ca$gd].
logically reasonable 138 MeV and demanding that &4) The observables defined as matrix traces in Ej510),
is satisfied fixes the bare massn@=0.006 and the inverse (12) may be estimated on a particuldr configuration by
coupling toB=0.495. Table | contains a summary of the fits calculating the bilineam'T" A 1% using a conjugate gradi-
made and parameters extracted. ent algorithm with a stochastic source vectgrsatisfying

wherel represents the integral
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0.8 T T— T T | 3 At ©=0, the largeN. solution predicts a nonzero con-
(xx) e g X .
07| np 5 - densate and zero baryon density, corresponding to a vacuum
el e A with broken chiral symmetry. Ag. is increased, the system
’ passes into a phase in which chiral symmetry is approxi-
054 o o 7] mately restored and matter begins to build up, with a pro-
04| - nounced “kink” at u.=0.75. In particularng is seen to be
da _ closely related to the volume of momentum space enclosed
s b i by the Fermi surface defined by the Fermi momentkim
’ given for free fermions by
0.1 -
0k 1 g8 fl;i"/ e & . 3 . 5
0 0.2 04 0.6 0.8 1 12 sintfu= Zl Sinkg; +% (29
=

I

FIG. 1. Chiral condensate and number density extrapolated t@nd plotted in the largék, limit as the dashed line. This
V-0 as functions ofu, showing both the larght, solution  implies that in the continuumgok? as one would expect,
(solid curve and lattice resultgpoints. The dashed curve is pro- while on a latticeng saturates at the value 1.0 as— .
portional to the volume of the Brillouin zone bounded by the large-  The lattice data agree qualitatively with our analytic solu-

N, Fermi surface. tion, although for these data bofly x) and u, are roughly
15% smaller, an effect we attribute @(1/N.) corrections.
Wm 8yy6P%, during each measurement we used a set of he transition afu~ u. has the appearance of a crossover,
such vectors. The Gor’kov propagatgris similarly calcu-  and may thus be compatible with a second order transition in
lated but using this time a point source. Special care ishe chiral limitm—0. If this is the case the region withg
needed for susceptibilities, which contain contributions from>0 for u< u. could be associated with a “nuclear matter”
both connected and disconnected fermion line diagrams, anshase, since if, a§— 0, 3, falls below its vacuum valu& ,
hence must be calculated using both methods via expressiofsr u< ., the only possible physical agencyrig>0 (a
such as mixed phase of quark matter droplets in vacuum at constant
: __ : : : pressure is not consistent with thermodynamic equilibrium
x={(7TA P TA 1Y)~ (5T A 1y)2 unless there are at least two conserved quantum numbers
present30]). This behavior is in marked contrast with that
+ > (trGo, G T). (24)  of the 2+1d model in which the transition is strongly first-
X order and baryonic matter has chiral symmetry restored at
any density[17,19,31. Finally, it is illustrative to convert
We label these two contributions the disconnected and cor1‘-helSe densities into physical units. The Ie}f@]@estlmgte
nected parts of respectively. a =720 MeV translates the lattice pointué,nga®)
=(0.65,0.072) intou=470 MeV, ng=3.5 fm 3. Bearing
in mind that due to species doubling, in a cube of volume
lll. ZERO TEMPERATURE PHASE STRUCTURE (2a)® y describes two spin and four color components of a
continuum fermion, we deduce a total physical density of

) i . i i 0.8aNN; fm~3, to be compared with the nuclear matter on-
In this section we investigate the nature of the chiral res-set,uq2320 MeV, ng=0.13N, fm—3.

toration transition with our phenomenologically motivated
parameter set, since the order of this transition is found to be
sensitive to the choice of parameters employa8]. We

measure the chiral condensajgy) and baryon number den-
sity ng on V=L3x L lattices withL,=L,=12, 16 and 20,

A. Chiral symmetry restoration

B. Diquark condensation

The main purpose of this study is to determine the nature
of the high density phase in which chiral symmetry is ap-
. . : proximately restored. In particular, in order to explore the
and for various chemical potentiglsa between 0.0 and 1.2. possibility of a U(1)-violating BCS phase, we study the

Henceforth all dimensionful quantities will be quoted in lat- 7. . S
tice unitsa=1. The quantum average and statistical errors Oldlquark _order param_ete(iZ) angl their sus_cept|b|I|t|e(514)
s functions of chemical potential. On their own, the suscep-

the measured quantities are calculated using a jackknife e ibilities are of limited importance. In conjunction with the
timate and the results extrapolated linearly to the infiniteWard identity (15) howeveF; their rétio J
volume limit V~1—0. y ’

Our results are presented in Fig. 1. In order to compare Y
the lattice datapoints with perturbative results, botfy x) R=— ; (26)
andng are calculated to leading order inN/ (solid curves,
corresponding to a mean-field theory in which the scalar fielgyrovides an important tool to distinguish between phases in
=2, on every dual lattice site and the auxiliary pseudoscawhich U(1); symmetry is either manifest or broken. With
Iarszi are exactly zero; in this limit the condensate is givenmanifest symmetry, and in the limjit=0, these two suscep-
by (xx)=(2/g®) 3 =(2/g?){o). tibilities should be identical up to a sign factor, and the ratio
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FIG. 2. Susceptibility ratidk at »=0.0 and 1.0 on various lat- FIG. 3. R extrapolated tg—0 for various values Of.

tice sizes.
when taking thg — 0 limit. With this omission Fig. 3 shows
should equal 1. If the symmetry is broken, however, thethat for =0 a linear fit is consistent with a ratio &~ 1,
Ward identity predicts that the Goldstone moge should  corresponding to a manifest baryon number symmetry as one
diverge ag—0 and hencer should vanish. would expect in the vacuum. At= 1.0, howeverR~0 sug-
As stated in Sec. Il D, the disconnected terms of @4)  gesting that U(1y symmetry is broken.
are calculated via the use of multiple noise vector estimation, For more direct evidence of diquark condensation we
while the symmetry constraints discussed after @§) im- measure the order parameter defined in EkR). Again,
ply that the connected terms are given by these data are extrapolated linearly to the libit'— 0 with
the quality of the fits being good. Figure 4 shows the ex-
trapolated values ofqq. ) plotted againsi for various val-
ues of . Fitting a quadratic curve through the data wjth
2 2 2 2 =0.3, one can clearly see that the high low j data again
G1d*+1G2d°+1Gal*+1G40°D), (27 disagree with the curve; again ignoring these points, the data
evaluated between a random point source and the point are extrapolated tp—0. For =0 we find no diquark con-
The susceptibilities are measured @dalculated on the ~densation as one would expect, bugascreases from zero,
aforementioned lattice sizes and for various valuesuof SO does(qd. ). Together, the observations that JimyR=0
with the diquark sourcgvarying from 0.1 to 1.0 during each and lim_o(qq..)#0 support the existence of a BCS super-
set of measurements. It is interesting to note that although iiuid phase at high chemical potential. o
most cases the disconnected contributions are found to be Finally, (qq.) is plotted as a function of. in Fig. 5,
consistent with zero, in the loy phase with largg, % can  along with the previously presented result foryx). Al-
be up to 10-20 % the magnitude f°". In contrast with though there is clearly a transition from a phase with no

the NJL model in 2- 1d [19], therefore, we cannot assume diquark condensation to one in which the diquark condensate

that y, = x%°". has a magnitude similar to that of the vacuum chiral conden-

An interesting empirical observation is that while the ob-sate, this transition is far Iess. pronounced than in the chiral
servables measured in Sec. Ill A were found to scale linearlfase-(dd.) increases approximately as’, but eventually
with the inverse volume of the lattice, observables in theSaturates ag. approaches 1.0 and even decreases past
diquark sector appear to scale linearly with the inverse tem="1.1. This behavior is directly related to the geometry of the
poral extent, corresponding to the temperature of the systen'f.erm' surface for a system defined on a cubic lattice, the area
Accordingly, the ratioR is extrapolated linearly to the limit
L, '—0, which as in[19] is found to give a reasonable
description of the data. An example of the quality of the fits 03
is illustrated in Fig. 2.

Figure 3 shows this extrapolated data plotted as a function
of j for various values of., as well as the results of a linear __ 02}
extrapolation toj—0. One immediately notices that while g
this extrapolation appears plausible for0.3, the data at
lower values off in the highu phase diverge rapidly from 01
the linear trend. The fact that this effect increases systemati-
cally with increasingu and decreasing suggests that its )
origin is some systematic effect not considered thus far; in-
deed, the study presented in Sec. VI shows this to be due tc
residual finite temperature effects. For this reason, we be-
lieve that we are justified in disregarding data wjts0.2

1
X‘;"”:Z(—[|g11|2+|g21|2+|g33|2+|g43|2]

(LT T |
29099
Y )

~
<
4
=3

J

FIG. 4.(qq, ) extrapolated tg— 0 for various values ofz.
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08 | T T | T lyzing its momentum dependence we can map out a quasi-
an (@a) —e— . particle dispersion relatiog(k), i.e. the energy spectrum as
(a0 a function of momentum, and hence measireln particu-
0.6 o Area of Fermi surface - . .
lar, we have measured the time-slice form of both “normal”
054 o o . and “anomalous” propagators
04 & -
03 - N(kit)=2>, RNy (0,00,t)Je % (28)
02h X
0.1} . N -
. | o © AKit) =2 IM[A1£0,0:%,t) Je ", (29
0 0.2 0.4 X
g onL,xLZ XL, lattices withL,= 96, L, ,=12. This choice
FIG. 5. A comparison between the diquark and chiral order paOf having one spatial direction much longer than the others
rameters as functions of. gives the system a large number of modes with which to

) ) ) sampleE(k), while minimizing the extra computational ex-
I(')f Yt‘/?'Ch Vée Tg\é)e C?jIChUIatedlth tge Ia{ﬁ}&- fr?Z fermlorjrh pense of running on a larger volume. In particular, by setting
imit from Eq. and have plotted as the solid curve. The_ L _ ;
method of this calculation is sketched in Appendix A. In thek_(k’o’o) with k=2mn/L, (n=0,1,2.... LJ/4), the lattice
continuum,{qq, ) should continue to rise ag2, such that
the curvatures®(qq. )/ du? is positive, in contrast to the
behavior observed in simulations of two color QCD, in
which there is no Fermi surface and Uglbreaking pro-

fermions have 25 independent modes between 07a2dn

the k, direction. Since the study presented in Sec. V shows
that the diquark observables display little spatial dependence,
there should be no detrimental effects from working with

: : : ) . Ly>Ly .
C‘jeds via I?ose-Elnsteln condensati@2-34 leading to XSir%/SIations were performed with,=16 and 20 at vari-
%90 )/ 9u”<0. ous chemical potentials using the same values of the diquark

The apparent weakness of the transition at intermedgiate sources as in the previous sectidn=12 data were also

ﬁenerated, but these prove to have too few time-slices over
which to reliably fit the propagator, and are therefore ne-

. - yglected in our analysis. Again, approximately 500 equili-
b.roken symmetry, even qt:o.'. It may be that this is a prated trajectories were generated per run, with measurement
side-effect of the chiral transition being a crossover, sinc

_qaking place on every other configuration. Two additional

there is no sharp point at which a large Fermi surface ISimulations were performed at=0.0 and 0.8 withL
created. It is also possible, of course, that this behavior for ' ' !

intermediatex is merely an artifact of our poor control over — 24 Which after equilibration took approximately; &nd
the j —0 extrapolation. 16 CPU days respectively to generate 400 trajectories on a

2.0 GHz Intel Xeon processor.

value of R|; o interpolates between the two extremes of 0
and 1. This is counterintuitive, since it suggests a partiall

IV. THE QUASIPARTICLE DISPERSION RELATION Some example propagators ip bqth the chirally broken
_ o and restored phases are plotted in Fig. 6uAt 0.0 the nor-
A. Spectroscopy in the fermionic sector mal propagator is nonzero for dll while at ©=0.8 it ap-

In this section we study the dynamics of the model’s fer-proximates zero on even time-slices, which reflects the fact
mionic excitations, which as in the original BCS theghp]  that with manifest chiral symmetry the,, andN,, compo-
can be viewed as quasiparticles with enefgselative to the ~ nents of the standard staggered fermion propagator vanish.
system’s Fermi energfq. In a traditional Fermi liquid, The anomalous propagator is zero on all odd time-slices for
these can be identified witharticle excitations above the all values of. _ _ .

Fermi surface, antiole excitations below, both of which can  To map out the dispersion relation for each valueuof
have energies arbitrarily close B=0. In a superfluid sys- the energy is extracted by fitting the propagators to

tem, however, the particles and holes mix, and energies of _ e

the lowest-lying excitations are separated from zero by a N(k,)=Ae ='+Be =0 if  t=odd
BCS gapA, which in analogy to the chiral mass gap in the N(k,t)=0 if t=even (30
vacuumzs,, can be viewed as an effective order parameter
for the system. One advantage of this parameter is that unlikend
the diquark condensatd, can be directly related to a mac- _ DBt CE(L-t), B
roscopic thermodynamic property of the system, the critical Ak)=C(e =—e ="t7) if t=even
temperaturdl . [35]. In principle, being a spectral quantity it A(k,t)=0 if t=odd, (32

is also measurable in a color superconducting phase in QCD,

where according to Elitzur's theorem one cannot define avhere A, B and C are kept as free parameters, as is the
local order parameter in a gauge invariant ag. energyE. Although, as expected, the values Bfextracted

The propagation of the quasiparticles is described by thérom the two propagators are found to be consistent, we
Gor’kov propagator, defined in E@16), such that by ana- choose to use those extracted from E2{l) to map out our
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FIG. 6. Normal and anomalous propagators measured on a FIG. 7. Normal and anomalous propagators With0.3 andk
96X 122X 16 lattice in both the chirally broken and restored phases= /4 with their fitted curves measured on a>962°x 16 lattice at

) ) ] ] ) wn=0.8.
dispersion relation, since having one less free parameter than

Eq. (30), the fits to this form are found to be of a higher . . .
quality. Some example fits are illustrated in Fig. 7. case of the vacuum. Wit=0, time reversal is a good

Figure 8 shows plots of the free parameters in E@6) _symmetry of the lattice and the coefficiemsfandB become
and (31) at »=0.8, extrapolated td—0: in turn these are identical such that Eq.(30) redl_Jces to its usual form
extrapolated t4—0. Quadratic polynomial curves are fitted |N(k,t)|=A(e”'+e 5-"Y). This can be understood
to the coefficientsA(k), B(k) and C(k), while the energy ~Physically by noting that the vacuum spectrum appears iden-
E(k) is fitted linearly. As with the extrapolations ¢fq. ) tical to both particles and antiparticles, and hence to both the
andR, these appear to smoothly fit the data except for thoséorward- and backward-moving parts of. In agreement
with low values of the diquark sourge for which the dis-  with this, A andB are found to be equal, within errors, for all
crepancy discussed in Sec. Il B persists. Again, points wittihree values ot.,.
j<0.3 are ignored for the purpose of the extrapolations; we Figure 9 illustrates the energies extracted frék,t),
rely on the conclusions of Secs. V and VI to justify the extrapolated to zero temperature throughk- 16, 20 and 24
omission of these data from our analysis. and then tg —0, which results in the familiar lattice disper-

sion relationE(k,u=0) [37]
B. Vacuum dispersion relation

3
Before considering a lattice system with a Fermi surface, sinth:chZ Sirtk +3.2 (32)
we review the nature of the dispersion relation in the familiar =1 ' '

2.5 T T T T 0.6 T T T T

0.5
04
0.3
02— 1

0.1

0

0.1 -

02 1 ] ] 1
0 02 04 0.6 0.8 1 FIG. 8. Zero temperature

J J propagator parameters at=0.8
and various values & The solid
curves show extrapolation t¢
—0.
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FIG. 9. The vacuum dispersion relatid(k) extrapolated to

T-.0 and thenj—0. FIG. 10. The propagator coefficienfs B and C for ©=0.8

extrapolated tof —0 and then—0.

where « is a constant which allows for the renormalization ]
of the speed of light by thermal effects; in practice its fittedP@ckground appears the same to both particles and holes

value is close to 1 as expected. The energy gadp=e0 can such thatA(kg) =B(kg). For this reason, in analogy with the
be identified with the vacuum fermion mass, from which weCoefficients of filled and unfilled states in the original BCS
learn that3,=0.35%6). As k is increased, the dispersion theory[16], the intercept of the curves a%(k) and B(k)
relation is approximately quadratic for sm&liS, (as ex- defines the Fermi momentum for the interacting theory in the
pected for a nonrelativistic partioleuntil discretization ef- 1 —0 limit. In the anomalous sector, the coeffici€tk) is

fects dominate its form and the periodicity of E82) causes apPProximately zero deep within the Fermi sea, but becomes
it to level off ask—s /2. nonzero(even in the limitj—0) in a broad peak about the

Fermi momentum, which is a sign of particle-hole mixing in
this region. This is in contrast with similar measurements in
NJL,. ; [19].

In this section we study the dispersion relation at The left-hand panel of Fig. 11 illustrates the lattice disper-
=0.8, with the aim of observing the BCS gap First, how-  sjon relationE(k) at ©=0.8 extracted from Eq(31) and
ever, we study the momentum dependence of the other fregxtrapolated first td—0 and thenj— 0 (points, compared
parameters fitted from the form(80) and (31). Figure 10  with that of free massless fermions on the lattice, param-
illustrates the values of\, B and C extrapolated first tor etrized by
—0 and then tg—0, and plotted as functions of momen-
tum k. E(k)=— u+sinh 1(sink). (33

The coefficientsA(k) andB(k) represent the amplitudes
of forward- and backward-moving spin- propagation, For this free dispersion relation, there are two distinct
which due to our choice to study the antiparticle propagatopranches, one for hole excitations below the Fermi surface
N=N;=G31~{(q(x)q(y)), correspond to hole and particle for which E reduces withk, and one for particle excitations
excitations respectively in the limit that-0. For small mo-  for which E increases wittk. We should note at this point
menta, corresponding to excitations deep within the Fermihat the crossover between these regimegg
sea, propagation is dominated by hole degrees of freedom:sin Y(sinh 0.8)~0.348r, is consistent with the intercept of
As the Fermi momentum is approached, particles are easié{(k) andB(k) in Fig. 10 to within the precision allowed by
to excite and become the dominant contributiorkas=/2.  the momentum resolution. By contrast the lattice data display
To degrees of freedom witk=Kkg, as in the vacuum the no evidence for two distinct branches, which is another sig-

C. Measurement of the gap

1 1 1 0~9 0-1 L L P Y- 3
- 0.8 0 oy
o7 -0.1
Lattice disp. rel. —e— 02

Free fermion disp. rel. —— — 0.6

05 03 FIG. 11. The lattice dispersion
’ £-04 relation and typical free fermion
04 05 dispersion relation ap=0.8. In
03 6 Froe e Qisp. mal Fo ] the right-hand panel the hole
02 4 N branch is plotted as negative.

e 301 08 -

| | | | 1

0 0.9

3

0 3 i % 0 : T 3
k k
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1 T T T zZ =
1 p=0.6 —o— 2
0.9 = p=0.7Fr—-—"
: p=0.9 =+
0.7 F q
0.6 2
=
5 05
0.4
0.3F # =
0-2 FIG. 13. The zero temperature, infinite volume Fermi surface at
01E — S two values of chemical potential.
oL ' . - — .
0 3 I = o as before. Although of little statistical significance, it should
k be noted that the dispersion relationwat 0.8 extracted us-
o _ _ _ ing this method is consistent, for all values lgfwith that
FIG. 12. Lattice dispersion relations at various valueg.of extracted using the full statistical treatment of the previous

section.
nal of particle-hole mixing. More importantly, at no pointdo  Figure 12 illustrates a selection of these dispersion rela-
the lattice data pass through zero, but betweefB<k  tions for various chemical potentials. An interesting point to
<177/48 (again consistent with the free-fieki) they have note is that unlike the diquark condensate, there is an upper
a minimum of E(k)=0.0536); this is the BCS gapA. bound ofu~sinh™%(1.0)~0.88, above which we cannot ex-
Comparing this to our measurement of the vacuum fermioriract an estimate of the gap using the method outlined in Sec.

mass in Sec. IV B, we find the ratio IV A. This can be understood by considering the nature of
the lattice Fermi surface for free fermions in the infinite vol-
A(un=0.8 ume limit, parametrized by Eq25) and plotted at two val-
2—0:0-132)7 (34 ues ofu in the largeN, limit in Fig. 13.

For kg;<<7/2, corresponding to small values of, the
which assuming a fermion mass of 400 MeV implies thatsmhall-_anlgle |((j:ie|rq]t|t|es imply that thel sdurrl;ace. IS appr?]xmjatcejly
_ _ ; ; ; .._ spherical and the momenta sampled herein, emphasized on
A(r=0.8)~60 MeV, consistent with the analytic predic thek, axis in Fig. 12, are sufficient to probe either side of the

tions of[10,23. surface and detect the presence of a gap. Rkor
This may be viewed more graphically in the right-hand 1= g 70y “however, the reduced rotational invari-

panel of Fig._ll, Wh_ere excitations belds have _been PlOt' ance of the lattice dominates, and Eg5) has no real solu-
ted as negative. This makes the free fermion dispersion rela- _

tion a smooth curve that passes continuously throdgio tion with E=(O§kxs_ /2,0,0). It is for jch'is reason that the
at the Fermi momentum, and is similar in nature to that ofcUrve . =0.9 in Fig. 12 shows no minimum and we can-
lattice four-Fermi models with no BCS g&9,20. For our not extract a valutra1 of\. While there is ia_\lmost certalnllyoa
data, however, this plot introduces a discontinuity af 2 gap present, as the maximum (g, ) lies between 1.

: , e -, =u<1.1, to detect its presence via the dispersion relation
;’xht'ﬁg L%%lf[}smejﬁarf“y like that of a traditional BCS superfluid ¢ i5 required to sample momenta along e.g. the more com-

plicated diagonal patrﬁz(k,k,k) with 0sk==/2, illus-
trated in the right-hand panel of Fig. 13. Because of the large
D. W dependence of the gap number of spatial modes required to sample this path with
Having systematically investigated the dispersion relatiorfufficient resolution, such a study is computationally beyond
and extracted the gap at one value of chemical potential, RUr current capability. _ o
would be illuminating to repeat the analysis of the previous Finally, A is plotted as a function of. in Fig. 14 and

section for a range of chemical potentials in the BCS phasé®mpared to the value of the diquark condensate. Although
However, generating data with,=24 in the chirally re- the error bars on our estimated values are fairly large, we see

stored phase is a CPU intensive task, tak20) CPU little evidence of anyu dependence once the gap becomes

. In fact, a least-squares fitAe=const, denoted by
days on a fast desktop PC for each valueuofThe reason nonzero ’ . '
this is so much more expensive than in the chirally broker;[he horizontal bar, has a chi-squared value of only 0.33 per

phase is that the rate of convergence of the conjugate gra(ﬁegree of freedom. In combination with Fig. 5, Fig. 14 pro-

; . s . ides qualitative support for a simple-minded picture in
ent subroutine used to invel "M in the generation of our which only diquark pairs within a shell encasing the Fermi

{®} configurations is related to the magnitude of the diagorface of thickness/, independent of:, participate in the
nal components o4, which are in turn proportional to the pairing, resulting in a condensatga. A u?.

constituent quark mass(u> uc)=0.

For this reason we utilize the data generated with
=16 and 20 and approximate tfie-0 limit by extrapolat-
ing through these data and assigning a conservative estimate The conclusions of Secs. Ill and IV, that the highphase
for the error; thg — 0 extrapolations may then be carried outis one with both{qq,)#0 andA#0, both rely on the dis-

V. FINITE SPATIAL VOLUME EFFECTS
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FIG. 14. Estimates of the gap compared with the condensate for
a range ofu.

VI. NONZERO TEMPERATURE

In previous reports of this work39,40, we have sug-

. " , . . gested that an obvious extension would be to carry out simu-
carding of data withj <0.3, since results in the diquark sec- |ations at nonzero temperature, with the aim of measuring

tor with these small diquark sources disagree with the trendg,e critical temperature of the superfluid phake, The non-
at higherj. In order to be able to trust oyr—0 extrapola-  ye|ativistic BCS theory predicts the relation between this pa-

tions it is necessary, therefore, to justify this omission, esperameter and the magnitude of the gap to[ bé]
cially since it is the data in the region of this limit that have

been discarded.

We have previously argued that the discrepancy atjlow- A —1.764. (35)
could be due to finite size effedit&2], since while our simu- Te
lations were performed on lattices with,<20, variational

studies of theN;=2, N.=3 continuum NJL model at zero Furthermore, it has been shown that this relation holds for
temperature in a finite spatial volume show that with no di-relativistic color superconducting systems in weakly coupled
quark source, a spatial extent of 7 fr @5 lattice spacings  QCD with two flavors[35]. Although such weak coupling
is required before the model approximates its infinite volumepredictions may be trusted only at asymptotically high den-
limit [38]. We have argued further that the source of theseities, navely applying Eq.(35) to our measurement of
finite size effects is due not to the realization of an exaciA (. =0.8)=0.053(6) suggests thai,~0.03a %, such that
Goldstone-mode, but to the difficulty of representing a thinat this chemical potential and in the linjit>0, one should
shell of states about the Fermi surface which contribute t@bserve a superfluid phase only when the temporal extent is
diquark condensation on a discrete momentum lattice. Whilgreater than about 35 lattice spacings. The fact that we ob-
this is supported in part by the finite size study presented igerve a BCS phase, even though our simulations were per-
[22], in which (qq. ) displays a nonmonotonic dependenceformed on lattices with temporal extents much smaller than
onLg, it should be noted that the magnitudes of these flucthis relies on our performing measurements wjita0 and
tuations are less than 1% fbg=8 and all values of, much  then extrapolating in the correct manner. Setji# has the
smaller than the approximate 30% suppressiooaf, ) at  effect of making condensation more favorable, which sug-
j=0.1 seen in Fig. 4. In fact, the diquark condensate showgests that at fixeglthere could be a crossover at some pseud-
little notable Ly dependence even prior to extrapolation toocritical temperatureT.(j), separating a region where di-
T—0. guark condensation is suppressed by thermal fluctuations and
In Fig. 15,{qq. ) is plotted as a function gfat «=0.8  one in which it is not. One would expect the effect of in-
with L;=12 and various spatial extents, including the resultxreasing the source would be to incredg€j) such that
of a large simulation with.;=30. This shows that the di- diquark condensation can be observed on lattices with
guark condensate displays no significant size dependence sthaller temporal extents. If one can successfully extrapolate
anyj. The same lack of any significant spatial size depento zero temperature first,ja~0 extrapolation should then be
dence is found for botkiqqg, ) with L,=16 and 20 and for possible.
E(k) with L,=16 and 20 within the allowed momentum  This causes a problem if one wishes to determine the
resolution. The fact that these observables remain unchangedlue of the condensate at a particular chemical potential and
at low j, even when changing the spatial volume by up to anonzero temperature, since it is possible that at temperatures
factor of 2.5~16, makes it hard to believe our previous close toT,, T.(j) crosses the temperature of the lattice over
suggestion that the suppression &at0.3 is due to finite size the range of studied. Figure 16 illustrates the diquark con-
effects. Instead, we propose an alternative suggestion in thdensate measured at= 0.8 on lattices with various temporal
following section. extents corresponding to various nonzero temperatures, as
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035 T T PP T temperature of the lattice must be too high compared with
o |- g ~g7 7 L T.(j<0.3). This justifies in retrospect the discarding of the
Lo low j data in the extrapolations of Secs. Il and IV, which
0.25 | s ° el . form the basis for the claimed superfluid ground state.
3 T8 e Brie ]
S 15 L ) ggg x %g E_',f.g_f_f i VIl. NONZERO ISOSPIN CHEMICAL POTENTIAL
o1k § T 0 B aggj;gg 5. In previous sections, we have demonstrated numerically
& T =0fit at p=0.0 ~- that the ground-state of our two flavor model at nonzero
005 & . and low T is that of a BCS gapped lattice superfluid. The
0 L L L L pairing mechanism in this system, between quarks of oppo-
0 02 04 0.6 08 1 site momenta and isospin, and thus analogous to 2SC con-
J densation between and d quarks in QCD, is particularly

energetically favorable. If the system were noninteracting, it
would cost no energy to create a pair of quarks at the com-
mon Fermi surface of the degenerate flavors, such that when
the attractive interaction is restored, the system is expected
and 20 lattices, as plotted in Fig. 4. In nature, however, the Fermi momerigaandk for up

The Li=4 results lie well below ther'=0 curve for all  5nq down quarks respectively are expected to differ. A sim-
values ofj, suggesting that the temperature is high enough t@yjistic argument outlined if42], simplified still further here
suppress condensation for the entire rangg éf quadratic 15 describe a two flavor system, suggests that in compact
extrapolation through these points is very similar to the zerqyg|jar mattek? should be less thake . For massless non-
temperature vacuum fit from Fig. 4 and is consistent wit interacting matter with baryon chemical potentialg
(a9)|j_0=0. As the temperature of the lattice is decreased,_ 4 MeV, an electron chemical potentjal,=89 MeV is
however, the data at highpare no longer suppressed and an required to enforce both charge neutrality and chemical equi-

extrapolation through a]_l is no longer possible. This can be librium under weak interactions. Together, these two condi-
seen more clearly in Fig. 17, where we focus on the datri]] f

) ions determine all the chemical potentials and Fermi mo-
measured on a 3 12 lattice. menta:
While an attempted fit through all values joappears of
poor quality, by choosing a suitable point to separate the 1
low- and highj data one can fit the two regions successfully. Ke=y=pug— 5 Me=355.5 MeV, (36)
While this implies that establishing the critical tempera-
ture of the superfluid phase is not as simple as we initially 1
believed, it does provide an alternative explanation of the kg:Md:MB+ = ue=444.5 MeV,
suppression i{qq, ) at T=0 for j<0.3. The fact that the 2
curve fitted through the,=12 data ovej €[0.6:1.0 agrees .
with that of data extrapolated td—0 and fitted overj kp=pe=89 MeV.

€[0.3,1.0 suggests that these curves represent not the co[_-| h b hemical ialin th
rect infinite volume limit, as previously suggested, but the' 16'€ W€ Use the term baryon chemical potential in the con-

correct zero temperature limit of the—0 extrapolation. text |(<)f the q N‘]i lmOdil’ whe_rri barf;;onts a]}re identified t\r']Vith
While a linearT—0 extrapolation is sufficient to reach this 4UarKs an g=2(put pa). The effect of separating the

curve for 0.3<j<0.5, the data at<0.3 must be suppressed free-particle Fermi surfaces of pairing quarks_ should be to
too much for such an extrapolation to be sufficient, i.e. themake the superconducting phase Iess_ energeucally faVO"?"P'e'
and should prove a good method to investigate the stability
of the superfluid phase.
Such a study was applied to the 2SC color superconduct-
03| - ing phase in a mean field four-Fermi model[#8]. Similar
- to results for superconductors in the presence of a magnetic
025 = & } field [44,45, when the free field Fermi surfaces are separated
02 = " Attempted fit through all j . by only a small amount the ground-state of interacting matter
d e Lot — remains superconducting with degenerate Fermi surfaces for
0.15 | Fit toj € [0.3:1.0]at T =0 ---- -- the pairing partners. At some critical free fermion separation,
01 8 . however, the system is found to go through a first order
3 transition to a gapless Fermi liquid with two separate sur-
, faces. Unlike normal superconductors, however, the size of
B 0'2 0'4 0'6 0'8 ’ the gap increases slightly under small flavor asymmetries, an
’ ’ ; ’ | effect attributed to the model’s color structure extracted from
one gluon exchange in QCD. This analysis has also been

FIG. 17. Diquark condensate at=0.8 on a 38x 12 lattice. extended further to include systems in which the Fermi sur-

FIG. 16. Diquark condensate at=0.8 on various lattices at
nonzero temperature.

0.35 T T ; —

(9g+)

0.05 ./ -
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facesk¢ and k‘é are separated not only by an isospin chemi- Before we discuss setting, #0 in the superfluid phase,

cal potential, but a fixed momentug41]. In such a system, 1€t us examine the effect this introduction has on the chiral
when |kE—k,‘l| andﬁ are sufficiently large that the Fermi phase transition. An analytic study of the NJL model has

. R shown that introducing a smajt, causes the chiral phase
surfaces cross, Pauli blocking implies that 2SC becomes un-_~ .. o o
: . ; . -~ fransition to split into two, one transition for the condensate

stable with respect to a state in which diquark condensation
of each quark flavof48].

occurs only at a ring of states close to the in_tercept of the Figure 18 illustrates lattice measurements of the up and
surfaces. The state has both broken translational and rot%-
own quark condensates

tional invariance in which the diquark pairs have nonzero

total momentum; in analogy with such phases in electron o 14nz
superconductivity this is known as the LOFF phf46,47]. (uu),(dd)=—

In the lattice NJL model, the pairing quarks of opposite Vv am, g
isosp()]:r:c are rep}reﬁjented by the two components of the stag- 1 I+ 75 .

ered fermion fie = -
g v tr N A (39
¥ E(Xl(x)) — ( u(x)) (37) as functions ofug for variousu, measured on a f2attice.
“\ xa(x) d(x)/’ Although these results are measured on only one volume, the

speed of these simulations means that is possible to gain fine
hereon referred to as “up” and “down” quark flavors. The resolution inug. Consistent with the predictions p48], the
Fermi surfaces of the pairing partners can be separated Byo transitions, which are coincident in the limit thaj
directly allocating them different chemical potentigls,and —O0, separate ag, is increased. This can be understood by
M4, €quivalent to having simultaneously nonzero baryonnoting that for fixedu, the chemical potential of the up
chemical potentialug=3(u,+umq) and isospin chemical quark is larger than that of the down, such thatiasin-
potential u, =3 (u,— 1g). Although this definition implies creasesu, reaches the critical chemical potential first. It is
that u,>uq, Which is contrary to the conclusions of the not clear, however, why the curve of the up condensate de-
argument outlined above, this notation has been chosen to béates from thew, =0 solutions more than that of the down.
consistent with the analytic studies [pf8] and[49] (since  This effect, not predicted if48], could be some finite vol-
the NJL model does not include weak interactions and isime artifact, or a result of the quenched approximation. As
therefore isospin invariant, the labels and d are inter- an aside, it has been argued that the observation of two tran-
changeable In the physical context of compact stars, thesitions is an artifact of the diagonal flavor structure of the
two scales should be ordergds> u,, since the simple ar- NJL model with broken chiral symmetry and would not be
gument leading to EQ.(36) predicts that 3|wm,— gl observed in nature. In particular, the introduction of an

~0.1ug. instanton-motivated flavor mixing vertex with even a weak
With this introduction, the fermion kinetic operatéd,  coupling is shown to restore the single transitjég].
defined previously in Eq(3) becomes In the diquark sector, we relabel the order parameter

(qq, ) defined in Eq(12) as(ud), to emphasize the fact that

1 condensation occurs between quarks of different flavors.
M3y =5 [e"B(e731)P95,, 5 — e #B(e” 3)P5,, ] Figure 19 illustrates théud) condensate measured at

wp=1.0 on 12, 16* and 20 lattices as a function of for
1 3 various values ofu,. Results are extrapolated 1—0 as

+ 55”‘4 2 7,(X)(Oyxt 5= Oyx—3) +2Mdyy before. As expected, the effect of significantly increasing

v=1 for fixed | is to suppress condensation, an effect that is more

1 5 L pronounced at smaller values pflLess straightforward to

+ E‘%Z [o(X)P%4ie(x)m(x)-7P9].  (38)  understand, however, is that at value$ above this suppres-
(x.x) sion(ud(j)) appears to increase slightly with increasjmg

By analogy with[43], this could be due to the nontrivial
Unfortunately, this means that the proof that Mets real  O(a) color-mixing terms of the staggered quark action, but
and positive presented [119] is no longer valid, which can again could be due to the crudeness of the quenched approxi-
be seen be noting that e.gy(e3*) r,=e~ "3¥1# (73M)* mation.
and the identityr,M 7,=M* no longer holds. Although this ~ As with our results at nonzero temperature, because the
would not cause the simulation to fail, since we usehi&m effect of increasing the diquark source is to make the super-
as our fermionic measure, the fact that this choice is the solguid more robust to setting, #0, it is not yet clear how to
reason the algorithm would work implies that nontrivial in- determine the critical isospin chemical potential in the limit
teractions betweeg and{ quarks will be introduced which j—o0.
could cause the argument 9] to break down. Instead, we
choose to simulate in the quenched isospin limit in which

. . . VIIl. SUMMARY
detM ™™ is calculated withu, =0 in the HMC update of the
bosonic fields, while Eq(38) is used inA during the mea- To our knowledge this is the first systematic nonperturba-
surement of the observables. tive study of a 3+ 1d relativistic systemalbeit one with a
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0 01 02 03 04 05 06 0.7 08 09 1 0 01 02 03 04 05 06 0.7 08 09 1
0% B FIG. 18. (uu) and(dd) con-
densates for variougg andu; on

0.25 — 0.25 a 17 lattice.
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Lorentz noninvariant cutoffwhich has a Fermi surface. Our Detailed quantitative agreement with further aspects of
goal has been to study such a system with phenomenologihe BCS theory, such as the predicti@¥) for T, is hard to
cally reasonable parameters, but with the main focus on chaxerify because of practical difficulties in simultaneously
acterizing the high-density ground state. The principal resulprobing bothT—0 andj— 0 limits. Finite volume effects in
is that in the limitT— 0 the Fermi surface is unstable with this system are complicated to unravel because of their sepa-
respect to condensation of diquark pairs in the scalar isoscaate dependences an andL,. As described in Secs. V and
lar channel, leading to a ground state characterized by ¥I, for the first time we have been able to simulate a suffi-
U(1)g-violating order parametefqq,). The resulting en- ciently broad range okg,L, to be able to demonstrate that
ergy gapA which opens up at the Fermi surface is approxi-the apparent suppression of the order parameter for $risall
mately 15% of the constituent quark mass scale, in goodue to our distance from tHe,— 0 limit. Note, though, that
agreement with self-consistent estimates made with similathe ratioL,/Ls cannot be made arbitrarily large without in-
models in continuum approaches. It seems likely that theroducing artifacts due to discretization lokpace, as shown
model is thus a superfluid described in terms of orthodoxn Fig. 4 of[22]. With the bare parameters used in this study
BCS theory. we estimate that volumes greater thaft @il be needed for
quantitative studies of ..
. - — Finally, we have made the first exploratory study of a
i system with nonzero chemical potentials for both baryon
number and isospin, which as described in Sec. VIl is a
necessary precondition for an accurate description of the
. conditions prevailing inside a neutron star. It is amusing that
the sign problem comes back to bite, restricting us to con-
sidering nonzero isospin density in the quenched approxima-
g tion only. Nonetheless, we have been able to observe the
expected suppression afd pairing at the Fermi surface.
Bearing in mind that phenomenology demands< ug, itis
not ruled out that future simulations could successfully un-
guench isospin by either reweighting or analytic continuation
in the small parameten, /g, much as the conditions in
FIG. 19.(ud) condensate as a function pfor variousy, with heavy ion collisions can be accessed by lattice QCD simula-
pe=1.0. tions atug=0 analytically continued inug/T.
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APPENDIX A: THE AREA OF THE FERMI SURFACE

In Fig. 5 we plot the area of the Fermi surface in the

infinite volume limit as a function of chemical potential
Here we outline the method used to produce this curve.

In general, one can calculate the area of any surog
integrating¢p=1 over that surface

surface area J 1do, (A1)
S

where dr is an infinitesimal two-dimensional element &f

If the z-component of that surface is single-valued, one may"

turn this into a two-dimensional integral in tixey plane

Joeo [ | o

whereA is the area projected oni=0 andéo is the area of
a parallelogram tangential ®that projects onto a square of
areadxdy. In the limit that6—d, do/6xdy is given by the
absolute gradient af(x,y)

(A2)

|Vz(x,y)|=

ax’ ay 9z

N

and the equality in EqLA2) becomes exact.

( dz 9z az)

2
+

2
+1

0z 0z

@ (A3)

ax
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TABLE II. Limits of integration in calculating the area of the
Fermi surface for different values &=sintfu—32

Ky Ky
<0 Area=0 n/a
0:1 0:sin"*J/C 0:sin1\/C— sirfk,
. ceim— 1 T
1:2 0:sinyC-1 sin’l\/Cflfsinzkx:E
sin’lmig 0:sin1\/C— sirtk,
. T a
2:3 sin"1/C— '3 sin‘lx/C—l—sinzkx:E
[ [ 17tk ey e s, (6)

hich we evaluate numerically. In setting the limits of inte-
gration, we have several cases, determined by the value of
C(u):

(@) For C<0, Eqg.(A4) has no real solutions and the
surface area is zero. From the definition®bne can see that
this corresponds physically to the chemical potential being
insufficiently large to allow the existence of a sea of particles
with mass>..

(b) For 0<C=1, the approximately spherical surface in-
tercepts thek, and k, axes at sinty/C and we have one
region of integration.

(c) For 1<C=2, the discretization of space-time domi-
nates and the surface no longer intercepts the axes. This is
the situation depicted in the right-hand panel of Fig. 13.
Equation(A4) no longer has any real solutions with %ip
+sin2kys1 or >2. We must separate our integral, therefore,
into two regions.

(d) For 2<C=3, the surface is again approximately
spherical, but with the center air(2,7/2,7/2). In this final

In calculating the area of the Fermi surface, we considefedion, saturation effects are dominant as the surface area of

the section of momentum space with<@, ,,<w/2 in
which the surface is a single-valued functilg, (kg ,Kgy).
From Eq.(25), we find that thek,-component of the Fermi
surface for free fermions at fixed is given by

Keo(Kex Key) =Sin™ 1\C—sintke, —sinke,  (A4)
where the constar@=sintfu—32 and the value oF (u) is
taken from the largéN, solution of the gap equatiof17) in
the infinite volume limit. The absolute gradient of this func-
tion is

|VKe2(Kex Key)|

COSKpySIMPKey+ COSKEy SINPKE,

I

and the surface area is given by

1+
C— >, sirPke;

i=xy

1-C+ >, sirfkg

i=x,y

(A5)

the sphere decreases with increaspaguntil at C=3 (i.e.
u~sinh 1\/3~1.32) the area reduces to zero and the lattice
is saturated with fermions.

The limits of integration are listed in Table II.

The only limitation of this method is that the antiperiod-
icity of the Fermi surface in the region considered implies
that Vkg, diverges at the boundarids=0 and k,= 7/2.
Analytically, this divergence is cancelled in the integral by
the infinitesimal size of dand d/. In a numerical solution,
however bothéx and éy are nonvanishing and the integral
diverges. To overcome this effect we introduce a small
“buffer” about these boundaries to stop the inclusion of di-
vergent terms. The size of this buffer is then reduced until its
effect on the solution is negligible. The buffer used to pro-
duce the curve in Fig. 5 is 10; once the curve is evaluated,
it is multiplied by an arbitrary constari/45) to allow it to
be compared directly with the measured valudad ).

APPENDIX B: THE VOLUME OF THE FERMI SEA

In Fig. 1, the volume of the Fermi sea in the infinite
volume limit is plotted as a function of chemical potential.
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TABLE llIl. Limits of integration in calculating the volume of the Fermi sea for different value€ of

=sinttu—32.
c K, K, Kk,
<0 Volume=0 n/a n/a
0:1 0:sin t/c 0:sin 1\ C— sirfk, 0:sin *yC—sirtk,—sir’k,
1:2 0:sin/C—1 0:sin 1/C— 1 sirkk, o:%
0:sinyCc—-1 sin-1 /Cflfsinzkx:q—T 0:sin 1/ C—sirtk,—sirck,
2
sin- /e — :Z 0:sin 1y C— sirfk, 0:sin 1/ C - sirtk,—sirck,
2
2:3 T 0:sif'\/C—-2 T
0: 5 0: >
L T m
0:sin'yC—-2 Sin’lmiz 0:5
sin /e — :g sin"}/C—2:sin */C—1-sirck, 0;%
T T L - -
sin t\/C— S sin’lxlc—l—sinzkx:E 0:sin” 'V C —sirk,—sirtk,

This calculation, which is simpler than that for the area ofwhere again the limits are determined by the valueCof

the Fermi surface, is done by integratigg=1 numerically — These are listed in Table III.

over the volume bounded by EGA4) As the integrand, unity, is well behaved over kll, k,
andk,, there is no need to introduce a buffer into this cal-
culation. Once the curve is evaluated, it is normalized such

VOIume=f J J 1ok, dk,dk, , (B1) that vqumeQ=_3)El to allow direct comparison with the
% largeN, prediction forng.
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